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Spin decomposition in QCD

• Jaffe-Manohar decomposition 

• Ji’s decomposition
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quark spin
quark orbital  
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Gluon spin
Gluon OAM

quark spin
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Gluon spin+OAM

Gauge dependent

Gauge invariant
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R. Jaffe and A. Manohar, NPB 337, 509 (1990)

Gauge indenpendent gluon spin

X. Chen, X. Lv, W. Sun, F. Wang and T. Goldman PRL 100, (2008)
X. Ji, J. Zhang and Y. Zhao, PRL, 111 (2013) 
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Naive spin decomposition of charmonium 

• The quantum number of charmonium ( ) 

• The naive spin decomposition in quark model

JPC

P = (−1)L+1

C = (−1)L+S

J=1

J=2                         

1−− 1+− 1++ 1−+

2−+ 2++2−−

Q̄Qexotic state

S=1 L=0

S=0 L=1

S=1 L=1

1−−

1+−

1++

1.Are the predictions of quark  
model comparable with 

QCD? 

2.How about the contribution 
 of gluon?

3.What is the spin structure of  
exotic states?
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Overlap Fermion

• The definition of Overlap operator 

• Overlap operator satisfies Ginsparg-Wilson Relation 

• We can change  to be , then  satisfies Dov Dc =
Dov

1 − 1
2ρ Dov

Dc

Dovγ5 + γ5Dov =
1
ρ

Dovγ5Dov

Where  is the sign function of Wilson operator ϵov(γ5Dw) Dw

Dcγ5 + γ5Dc = 0

Dov = ρ(1 + γ5ϵov(γ5Dw))
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Calculation of the quark spin in the hardon

•  The quark spin contribution can be obtained by the ratio of connected 3pt 
correlation function to 2pt correlation function. Since we need calculate the 
quark spin in different hadron states ( , …), a better choice is using 
summed current sequential method  

• The difference between the ratio at adjacent time slice

1−− 1+−
C. Bouchard, et al., PRD96(2017) 

C.C. Chang et,al. Nature(2018),558

V V

1 2

3
VV

3

1Sum the quark  
mass operator over all 
 the lattice size( ) L3 × T

tf

Matrix element at 
the ground state

The contamination of  
excited  state  
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Quark spin in charmonium (spin one)

• The quark spin operator sandwiched by different hadron external state.

  

     

    

V+ =
1

2
(Vx + iVy)

V0 = Vz

V− =
1

2
(Vx − iVy)

 

              

⟨V+ |OΣq
|V+⟩ = − ⟨V− |OΣq

|V−⟩ ≠ 0

⟨V0 |OΣq
|V0⟩ = 0

⟨Vx | q̄γzγ5q |Vy⟩ ≠ 0

⟨Vz | q̄γzγ5q |Vz⟩ = 0

Spin basis

OΣq
= ∑

x

q̄γzγ5q(x)

1−−

Quark spin operator
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Quark spin in charmonium (spin two)

• The irreducible representation of of spin-2 charmonium can be converted to 
the spin basis SJ=2

M = ⟨1,m1; 1,m2 |J, M⟩ψ̄γm1
Dm2

ψ
Irreducible representation ( )2++ Spin basis

Tx
2

Ty
2

Tz
2

Ex

Ey

|ϵ1jk |γ jDk / 2

|ϵ2jk |γ jDk / 2

|ϵ3jk |γ jDk / 2
Q1jkγ jDk

Q2jkγ jDk

V2+

V1+

V0

V1−

V2−

(iTz
2 + Ex)/ 2

(iT y
2 + Tx

2)/ 2

Ey

(−iTz
2 + Ex)/ 2

(−iT y
2 + Tx

2)/ 2

Matrix elements of  channel2++
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            ⟨V2+ |OΣq
|V2+⟩ = 2⟨V1+ |OΣq

|V1+⟩

            ⟨Ex |OΣq
|Tz

2⟩ = 2⟨Tx
2 |OΣq

|T y
2⟩

J. Dudek, et. al, PRD 77 (2008) 034501  



Quark spin in different charmonium

• The contribution of quark spin to the different charmonium spin

1.The contribution of quark spin is very small in 
 (p wave), but is dominantly contributes to 

the spin of  (s wave) . 

2.  The quark spin in  and  
are very close since their spin structure same 
(L=1, S=1). 

3.  The quark spin in  and  
are also similar. 

4. The quark spin contributes half spin of  
exotic state.

1+−

1−−

1++ 2++(Jz = 1)

1−− 2++(Jz = 2)

1−+

Comparison with the prediction of quark model 
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Total angular momentum of gluon

• The gravitational form factor of vector meson (moving frame) 

• Calculating angular momentum in the rest frame

Ji = ∫ d3 ⃗rϵijkrjT4k( ⃗r ) = ∫ d3 ⃗r ⃗r × ( ⃗E × ⃗B )

EMT

three point  
correlation function C3 =

1
V ∑⃗

x
∑⃗

y

ϵijk (xi − yi) ⟨H(tf , y)T4k(tg, x)Hw(0)⟩

The spatial separation between sink and gluon operator.

P =
p + p′ 

2 Δ = p′ − p

Angular momentum (t=0)

+ . . .
The GFFs of spin-2 particle should be more complicated
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Calculation of the gluon total angular momentum 
(AM)

• For the gluon AM, the 3pt correlation function can be described as 

                                                                        

• We can extract the matrix element of gluon condensate at the ground 
state through difference between the ratio at adjacent time slice

V V

Og

= (C2(tf ) − ⟨C2(tf )⟩)( ∑
tc∈(o,tf )

Og(tc) − ⟨Og(tc)⟩)
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tf

: timeslice of tc Og

Matrix element at 
the ground state

The contamination of  
excited  state  

Fμν ∝
1 hyp smearing

tc

C3(tf , t) =



Numerical results of ratio of gluon angular 
momentum (spin 1)

• The results of gluon angular momentum operator 3pt to 2pt

1−−

The gluon spin in  is small1−− The gluon spin in  and  is similar1++ 1+−

Large uncertainty for  channel1−+
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Numerical results (spin 2)

• The results of gluon angular momentum operator 3pt to 2pt

Large uncertainly

The gluon spin in   
channel is small but it has 
large contribution to the 
spin of   channel

Jz = 1

Jz = 2
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Density of gluon operator

• The density of gluon AM operator 

C3(r, t) =
1
V ∑⃗

y
∑⃗

z

δ(z2 − r) ⟨H(tf , y + z; ϵy)T4k(tg, y)Hw(0; ϵx)⟩

ρG(t, r) =
C3(r, t)
C2(t)

−
C3(r, t − 1)
C2(t − 1)

1.Finite volume effect is negligible

2. The center value decay with r  
but the error does not

r
Og

Vy Vx

3pt for density calculation

Drop these points can improve the signal 
(on-going)

1−−

2++
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Results

• The contributions of quark spin and gluon angular momentum in different 
charmonium states

(Quark Spin)Sq (Gluon AM)Jg

0.88(2) 0.13(2)

0.04(4) -0.53(11)

0.49(5) -0.40(8)

0.46(11) ?

0.85(8) ?

0.46(8) ?

1−−

1+−

1++

1−+

2++(Jz = 2)

2++(Jz = 1)

The off-diagonal terms are assumed to be zero.
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Renormalization constants are from
Y. Yang, et. al (  Collaboration), PRL. 121 (2018) 
F. He, et. al (  Collaboration), 2204.09246 

χQCD
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https://arxiv.org/abs/2204.09246


Summary

• We studied spin decomposition in different charmonium state. The 
contribution of quark spin is compatible with the prediction of quark model.   

• Despite the large large uncertainty, the gluon total angular momentum 
contributes negative value to most of channel ( , …), then the quark 
QAM should be large enough to make the total spin close to one. 

• The quark spin contributes to half of spin of exotic  state.

1++ 1+−

1−+
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