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Critical slowdown in Ising model

Curie-Weiss model:

• 𝜇!: Stationary distribution of 
Monte-Carlo sampling

• 𝜎 ∈ {+1,−1}

• 𝑛: number of vertices

[Ding,L., Peres 09]
𝛽!
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Critical slowdown in Ising model

• Measuring time of 
convergence to equilibrium:

𝑡"#$ = 𝑡: max
%∈'

𝑃( 𝑥,⋅ − 𝜇) *+ ≤
1
4

Mixing time

𝛽!
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[Ding,L., Peres 09]

𝛽 > 𝛽!



Critical slowdown in Ising model

𝛽!

How it behaves on 
quantum computer?

5
[Ding,L., Peres 09]



Long-range interacting Ising model

Higher dimension with periodic boundary condition(PBC):

𝑟, − 𝑟- →

𝑟5 → 𝑟5 = (𝑟65, … 𝑟75 )
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Nearest neighbor Ising model
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Long-range interacting Ising model

𝐻 = −𝐽:
⟨,,-⟩

𝑍,𝑍- − ℎ:
,12

3

𝑋,

Nearest neighbor Ising model

𝐻 = −𝐽:
,4-

𝑍,𝑍- − ℎ:
,12

3

𝑋,

Curie-Weiss model

𝛼 = ∞ 𝛼 = 0

• 0 ≤ 𝛼 ≤ 3 in trapped ion experiments

• More physics like confinement [F. Liu et.al. (19)] 
and scattering [Vovrosh et.al. (22)]

𝐻 = − :
,,-12
,4-
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𝐽
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Gibbs state on quantum computer

𝜓 𝜏 =
𝑒678

⟨𝜓 0 𝑒6978 𝜓 0 ⟩
𝜓 0

Quantum imaginary time evolution (QITE)

1. Choose Initial state 𝜓 0

2. Evolution
𝜌 =

𝑒FGH

𝑍
, 𝑍 = Tr(𝑒FGH)
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Gibbs state on quantum computer

Quantum imaginary time evolution (QITE)

with

𝜌 = Tr: |𝜓: 𝜏 ⟩⟨𝜓:(𝜏)| =
𝑒6978

Tr;(𝑒6978)

• After imaginary time evolution for time 𝜏, we 
have Gibbs state with inverse-temperature 2𝜏:

• Preparing initial state as ancilla pair state:

𝜓 𝜏 =
𝑒678

⟨𝜓 0 𝑒6978 𝜓 0 ⟩
𝜓 0

1. Choose Initial state 𝜓 0
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Gibbs state on quantum computer

𝜓 𝜏 =
𝑒678

⟨𝜓 0 𝑒6978 𝜓 0 ⟩
𝜓 0

Quantum imaginary time evolution (QITE)

1. Choose Initial state 𝜓 0

Simplification for Ising model:

• The Hamiltonian is consisted of 𝑍,𝑍-
• The observable is consisted of 𝑍:

𝐻,𝐻9, 𝑀 = ∑𝑍,……, 𝑂 = ∑ℎ< R𝑍

𝑂 =:
<

ℎ<
⟨+⋯+ 𝑒678 R𝑍𝑒678 +⋯+⟩

+⋯+ 𝑒6978 +⋯+

Then:
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Gibbs state on quantum computer

𝜓 𝜏 =
𝑒678

⟨𝜓 0 𝑒6978 𝜓 0 ⟩
𝜓 0

Quantum imaginary time evolution (QITE)

1. Choose Initial state 𝜓 0

𝑂 =:
<

ℎ<
⟨+⋯+ 𝑒678 R𝑍𝑒678 +⋯+⟩

+⋯+ 𝑒6978 +⋯+ 11

+ + = 00 + 01 + 10 + 11

Quantum
parallelism 2# frogs



Gibbs state on quantum computer

Quantum imaginary time evolution (QITE)

1. Choose Initial state 𝜓 0

𝑂 =:
<

ℎ<
⟨+⋯+ 𝑒678 R𝑍𝑒678 +⋯+⟩

+⋯+ 𝑒6978 +⋯+

Evolve the variational ansatz
𝜓 𝜏 =

𝑒678

⟨𝜓 0 𝑒6978 𝜓 0 ⟩
𝜓 0 = 𝜓 �⃗�(𝜏)
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+ + = 00 + 01 + 10 + 11

Quantum
parallelism



𝜓 𝜏 =
𝑒678

⟨𝜓 0 𝑒6978 𝜓 0 ⟩
𝜓 0 = 𝜓 �⃗�(𝜏)

Quantum imaginary time evolution (QITE)

𝜕|𝜓 𝜏 ⟩
𝜕𝜏 = − 𝐻 − 𝐸7 𝜓 𝜏 , 𝐸7 = ⟨𝜓 𝜏 𝐻 𝜓 𝜏 ⟩

• Take the partial derivative on 𝜏：

𝛿
𝜕 𝜓 𝜏
𝜕𝜏 + 𝐻 − 𝐸7 𝜓 𝜏 = 0 :

-

𝐴,- ̇𝜃- = 𝐶,

𝐴,- = 𝑅𝑒
𝜕⟨𝜓 𝜏 |
𝜕𝜃,

𝜕|𝜓 𝜏 ⟩
𝜕𝜃-

𝐶, = −𝑅𝑒
𝜕 𝜓 𝜏
𝜕𝜃,

𝐻|𝜓 𝜏 ⟩

• McLachlan’s variational principle

Gibbs state on quantum computer

𝜃 𝜏 + Δ𝜏 = 𝜃 𝜏 + �̇� 𝜏 ×Δ𝜏 = 𝜃 𝜏 + 𝐴62𝐶×Δ𝜏

• The variational parameters are evolved as 

Measured on quantum computer
2. Evolution

[McArdle, et.al. 19]
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Ansatz design

• According to algorithm in [Motta, et.al. 20]

𝑒6=7>!>" + +

⟨𝜓|𝑒69=7>!>" 𝜓
= 𝑒6,=7#>!?"𝑒6,=7$?!>"| + +⟩Imaginary time Real time

• Parametrization of the exact circuit:

𝐿: number of circuit layer

The ansatz is exact as 𝐿 → ∞ ! (similar to QAOA ansatz) 14

Original:

Parameterized:



Results-Specific heat

Dimension = 2, 𝛼 = ∞(Nearest neighbor) Dimension = 2, Λ = 3×3

Critical Critical(𝛼 = ∞)

Log|𝐽𝛽! 𝑁 − 𝐽𝛽!|

𝐶h =
1

|Λ|𝑇i
( 𝐻i − 𝐻 i)

𝑂 !" =
Tr(𝑂𝑒#"$ ! )

𝑍
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(based on quantum simulator [Qiskit] )



Results-Susceptibility

Dimension = 2, 𝛼 = ∞(Nearest neighbor) Dimension = 3, 𝛼 = ∞(Nearest neighbor)

Critical Critical (3D)

𝑂 !" =
Tr(𝑂𝑒#"$ ! )

𝑍

𝜒 =
1
|Λ|𝑇

𝑍jkji − 𝑍jkj i , 𝑍%&% =-
'∈)

𝑍'
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(based on quantum simulator [Qiskit] )



Results-Running coupling

Dimension = 1 , Λ = 4 Dimension = 2, 𝛼 = ∞(Nearest neighbor)

Critical

𝑍5𝑍l mG
~𝑒 5Fl n(m)/p

𝑂 !" =
Tr(𝑂𝑒#"$ ! )

𝑍
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(based on quantum simulator [Qiskit] )



总结

• 基于变分的量子虚时演化可以很好地生成各个温度下的Gibbs态，
为Critical slowdown提供了可能的解决思路。

• 可以推广到含有横场的量子Ising模型， 𝜆𝜙. 模型， Q-state Potts
模型等等。

𝐻 =:
$

−2𝜅:
@

𝜙$𝜙$A@ + 𝜙$9 + 𝜆 𝜙$9 − 1 9 , 𝜙$ ∈ (−∞,+∞)

𝜆𝜙B:
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Backup: Error Analysis

19

• Finite expressivity of variational quantum circuit

• Numerical integration

• Coherent and incoherent noise from quantum circuit

• Finite shots noise~Ο( /
#
)

Many-Body Hilbert space

𝜃!, 𝜃"
𝜃!

𝜃!, 𝜃", 𝜃#

In noiseless
quantum simulator
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Backup: Error Analysis
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• Finite expressivity of variational quantum circuit

• Numerical integration

In noiseless
quantum simulator

𝜃 𝜏 + Δ𝜏 = 𝜃 𝜏 + �̇� 𝜏 ×Δ𝜏 = 𝜃 𝜏 + 𝐴62𝐶×Δ𝜏

Runge-Kutta : Error~Ο(Δ𝜏C)

Euler : Error~Ο(Δ𝜏9)

Δ𝜏~106D, Error~1062C

Solved by Runge-Kutta method



Backup: Error Analysis
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• Finite expressivity of variational quantum circuit

Many-Body Hilbert space

𝜃!, 𝜃"
𝜃!

𝜃!, 𝜃", 𝜃#

In noiseless
quantum simulator

Error reduced with
deeper quantum circuit

Δ𝐶E = x
F

2
𝐶E − 𝐶EGH d𝛽


