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Content

* background : Critical slowdown In Ising model
* Algorithm:  Variational guantum Imaginary Evolution

* Results: On the specific heat, susceptibility and running
coupling



Critical slowdown In Ising model

(Curie-Weiss model)
(gap b = b%}exp[%(ﬂ —1)°n]|

mix

Curie-Welss model:

p | | -
Un(0) X exp(;xz;o(x)or(})). {g&p 17tmix = ’I'Ll/z \ \
) ?Xﬁ__
o —_ .~ 14o(l) “ '
o €{+1,-1} de T 1- ﬂl) | :
. 2
* n: number of vertices b, = 21 d)l gl1—-0)n]/ | :
: - I I
. . . . o~ | |
* U,: Stationary dlstrlbut|pn of R 10 1/§/_,7)’:
Monte-Carlo sampling - : !
Be

[Ding,L., Peres 09]



Critical slowdown In Ising model

(Curie-Weiss model)

* Measuring time of (gap_litmix = oexpl (P — 1)°n]
\

convergence to equilibrium: /“\
! 1 o 2
Mixing time [gap™,t =< n') /
A

1 .
— t(y.) — _ - | I
tmix = U r;lea)g(llp (x» ) .un”TV = 4 [éap 1 — lti’)'l) ] : :
__ 14o(1) __ A\2 I I
‘ tmn\ — ‘2(1—,6)1 g[(]' 'B) 1 : :
B> B Y |
|
|

Be
[Ding,L., Peres 09]



Critical slowdown In Ising model

(Curie-Weiss model)

How it behaves on (gap—l[tmix = ﬁ_—l-exp[%(ﬂ - 1)2nn
quantum computer?

IDing,L., Peres 09]



Long-range interacting Ising model

N

hZXi
|T -

=)

l]l

=1 H)

Nearest neighbor Ising model Curie-Weiss model

H=—]ZZizj—thi H= ]222 —hZX

(L,)) i=1 i<j

Higher dimension with periodic boundary condition(PBC):

r; = 7= (1}, ..1h)

|ri — me |Td_rd| Na — |Td_rd|)
d=1



Long-range interacting Ising model

N
. “h) X
ij= 1|1"—

i=1 H,
O o o o o a=0 = @ ® o o o o

Nearest neighbor Ismg model Curie-Weiss model

H=—]ZZl-Zj—hZXi H= ]ZZZ —hZX

(i,J) i=1 i<j

* 0 < a<3intrapped ion experiments

* More physics like confinement [F. Liu et.al. (19)]
and scattering [Vovrosh et.al. (22)]




Gibbs state on guantum computer

Quantum imaginary time evolution (QITE)

—TH

e
(D)) = [ (0))
V= Ol 0

1. Choose Initial state | (0)) N o—BH

2. Evolution



Gibbs state on guantum computer

Quantum imaginary time evolution (QITE)

—TH

e
(D)) = [ (0))
V= Ol 0

1. Choose Initial state |¥(0))
* Preparing initial state as ancilla pair state:

a(r)) = o 10alO) ¢a<o>>12|z'>sz'>g

—2TH®I,
V(e (0)[ €277 15, (0)) Vd 4
. . . . . QO-H——H-R’.;— __l:;_
e After imaginary time evolution for time 7, we - - - -
. . . S H N ——e—H T H 8 Bz L _ER_ R SRRz L ER R
have Gibbs state with inverse-temperature 27; | w0 " o -
q2 H H Rﬁ;t - — 5),; |
—2TH I N I PPN P

p = TrallYa()Wa®I = 7=y R J R




Gibbs state on guantum computer

Quantum imaginary time evolution (QITE)

—TH

e
() = $(0))
Y = e 0

1. Choose Initial state |¥(0))

qo-H——H-RN;(_—_
Simplification for Ising model: = H .
o @) o
o _ el
* The Hamiltonian is consisted of Z;Z; a2 HoH R
gs — H — toz

* The observable is consisted of Z:

Then: a0 SR vy

v

<0>:2h <+..._|_|e—THZe—T{I|_|_...+)} o I & m _g_
m <_|_ e |e—21H | + _|_>
m




Gibbs state on guantum computer

Quantum imaginary time evolution (QITE)

—TH

e
(D)) = [ (0))
Y = e 0

1. Choose Initial state |¥(0))

|+ +) =100) + [01) + |10) + |11)

Quantum i”,j}} ‘,§3
parallelism %: < §: <
e 7Y L)

Go4 H

Rx ¢

2N frogs

AZ (|82

<_|_..._|_ |e—2‘L'H | + _|_)

<0> _ 2 hm (_|_ e |e—TH Ze—Ttll + .. -|—)] > g PR PN S
m

82

11



Gibbs state on guantum computer

Quantum imaginary time evolution (QITE)

—TH Evolve the variational ansatz

e N
W) = 1w 0)) = lw(E )]
vee JW0)]e2TH [ (0)) v :[M (T)»J

1. Choose Initial state |¥(0))

|+ +) =100) + [01) + |10) + |11)

Quantum
parallelism

32|82
o
g:u

<0> == Zh <+ ... + |e_TH Ze_r{ll + - +>] .o
= (et e £ 4) 7



Gibbs state on guantum computer
[IMcArdle, et.al. 19]

Quantum imaginary time evolution (QITE)

—TH

e N
(D)) = (0} = (8
VO = ey, P = @)

2. Evolution
* Take the partial derivative on 7 : Measured on quantum computer
(7))
o= —(H-EJW@),  E = @@IH@)
 Mclachlan’ s variational principle <5(1/J(T)| 5|¢(T))>
Aij = Re
0l (1)) 90, 9
=24 (H - B (@) EAUHJ =G — N
Ci=—-R H|y (7))
- d0;
* The variational parameters are evolved as

~—

0(t + A1) = 0(7) + 6(1)xA1 = 6(1) + A"1CxXAT i



Ansatz design

* According to algorithm in [Motta, et.al. 20]

Imaginary time = ¢ 0T ZiVjo=l0T2YiZj| 4 1)

e—STZiZjl_I_ _I_>

Real time

J (le 20T i )

* Parametrization of the exact circuit:

Original:

Parameterized:

+) — - —
e—iago) zZY e_iagO)YZ e—’iagT_AT)ZY —iagT_AT)YZ
+) — — —
+) — — — -
e~ ZY e—i01YZ e—10LZY o—i0L,YZ
+) — — — |

L: number of circuit layer

The ansatz Is exact as L — oo | (similar to QAOA ansatz)

14



Results-Specific heat

Dimension = 2, @ = oo(Nearest neighbor)

1
104 4 QlTE4x4 ! Critical
® QITE3x3 |
Y QITE2x?2 |
0.84 — ED '
l
1
0.6 - |
. 1
O :
0.4' 1
1
1
1
0.2 1 :
1
1
:
0.0- | | LoglyB.(N) - JB
0.0 0.2 0.4 0.6 0.8 1.0
JB

Tr(0e FHU))

(0)p =

Cy

NE

Dimension = 2, |A| =3%3

0.8 A

0.6

0.2

0.0 A

Z

((H?) — (H)?)

Critical(a = o)

® 4 X »

— ED

QITEa=1
QITEa=2
QITEa=3
QITEa=o

0.0 0.1 0.2 0.3 0.4
JB

0.5 0.6 0.7
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(based on quantum simulator [Qiskit] )
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Tr(Oe_.BH(]))
<0>].3 = 7

Results-Susceptibility
—((Ztoe) = (Zpor)™), Ztot—Z:Z

|A|T LEA
Dimension = 2, a = oo(Nearest neighbor) Dimension = 3, a = oo(Nearest neighbor)

1757 ITE 4 x 4 : 8 I
A QITE4x i Critical QITE3x3x3 Critical (3D) |
15.0 QITE 3x 3 ! 71 v QITE2x2x2 !
' v QITE2x2 I — ED '
— ED | 6 1 |
12.5 A : :
1 5 1
| |
10.0 A I |
l 47 l
| = |
7S : - :
' :
5.0 1 2 - :
|
2.5 1 l
N aa i i
0.0 - v-v-v-v-V‘T“‘d' ! !

0.0 0.2 0.4 0.6 0.8 1.0 0.00 0.05 0.0 015 020 025 030 0.35 0.40

JB JB
16

(based on quantum simulator [Qiskit] )
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Results-Running coupling

Dimension =1, |[A| =4
a
10° - ST
1071 4
A QITEa=1
X QITEa=2
vV QITEa=3
® QITEa=w
10724 = ED
1072 10~ 100
al§

Tr(0e FHU))

(0)p =

Z

(ZiZj>]ﬁ~e|i—j|a(])/f

Dimension = 2, @ = oo(Nearest neighbor)

b

100

1072

® QITE4x4

1 — ED

IN| = Ng X Ng - o

1072

10°

17

(based on quantum simulator [Qiskit] )
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systematics

Many-Body Hilbert space

Backup: Error Analysis

911 92' 93
011 02

—

* Finite expressivity of variational quantum circuit

In noiseless

— .
guantum simulator

* Numerical integration

—

* Coherent and incoherent noise from quantum circuit



Backup: Error Analysis

—

* Finite expressivity of variational quantum circuit
In noiseless

— .
guantum simulator

* Numerical integration

‘ Solved by Runge-Kutta method

0(t + A1) = 0(7) + 6(7)xAT = 0(7) + A~LCxAT Euler : Error~0(Az?)

Runge-Kutta : Error~0(At°)

At~10"3, Error~1071° .



Many-Body Hilbert space

Backup: Error Analysis

* Finite expressivity of variational quantum circuit

0.06 -
0.05 -
0.04 -

Q

< 0.03
0.02 -

0.01 -

0.00

— 4x4
3x3

01,0,,03
91! 92

—

In noiseless

— .
guantum simulator
——

Error reduced with
deeper quantum circuit

1
Acv=f IC, — CEP| dB
0
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