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Outline of this talk

1. Rapid approach to the conformal limit of the trace 
anomaly, giving rise to the sound velocity peak 

2. Strongly-interacting conformal matter inside NS? 

3. Is the trace anomaly positive semi-definite at finite 
density?

2

Q. Dense (conformal) quark matter in neutron stars (NSs)? 
→ Trace anomaly can be a useful measure
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Outline of the talk
- Introduction 

- Trace anomaly from actual data, its relation to a peak in the 
sound velocity 

- Strongly-interacting conformal matter and positivity of the 
trace anomaly 

- Possible implications from field theory and NS 
observations?  

- Summary
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QCD point of view on the EoS

4

χEFT: Drischler,Furnstahl,Melendez,Philips(2020) 
Drischler,Han,Lattimer,Prakash,Reddy,Zhao (2020) 
& many others…

(n0 = 0.16 fm−3)

pQCD: Freedman,McLerran (1978); Baluni (1979); 
Kurkela,Romatschke,Vuorinen,Gorda,Sappi,+ (2009-) 

Fujimoto,Fukushima (2020)

ab initio QCD calculations:

Pressure   
[MeV/fm3]

P

Density nB

Nuclear density

pQCD

Neutron stars

EFTχ
pQCD

conventional
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Structure equation for neutron stars
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Pressure 
(nuclear force  
  = strong interaction)

Gravity

dp(r)
dr

= − G
M(r)ε(r)

r2 (1 + p
ε )(1 + 4πr3p

M )(1 − 2GM
r )

−1

m(r) = ∫
r

0
dr4πr2ε(r)

dr

Hydrostatic equilibrium (pressure = gravity)
dP(r)

dr
= − G

m(r)ε(r)
r2 × (1 + P

ε )(1 + 4πr3P
m )(1 − 2Gm

r )
−1

General relativistic correction

Tolman (1939) 
Oppenheimer,Volkoff (1939)

← TOV equation

Unknown variables: 
,  and P(r) m(r) ε(r) One condition 

missing

Equation of State (EoS)
P = P(ε)
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EoS and mass-radius relation
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EoS Mass-RadiusP

ε

M

R

2M⊙

dp
dr

= − (ρ + p) m + 4πr3p
r(r − 2m) , dm

dr
= 4πr2ρ

TOV eqn

Statistical 
inference

Fujimoto,Fukushima,Murase (2019)

Özel et al. (2015); NICER (2019)

Deep 
 learning

1-to-1 correspondence
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Sound velocity peak in the EoS
- NS data favors rapid increase in sound velocity, 

accompanied by a peak structure 
 

- There was a hypothesis that the conformal limit, , 
is the absolute bound on the sound velocity 
→ In strong tension with the heavy ( ) pulsars!

v2
s ≤ 1/3

M ≳ 2M⊙

7

Bedaque,Steiner (2015); Tews,Carlson,Gandolfi,Reddy (2018); 
Drischler,Han,Lattimer,Prakash,Reddy,Zhao (2020); Altiparmak,Ecker,Rezzolla (2022); 
Gorda,Komoltsev,Kurkela (2022) & many others

Fujimoto,Fukushima,Murase (2019)

v2
s ≡ dP

dε
= P′ (μB)

ε′ (μB)
ε0 ≈ 150 MeV/fm3

Cherman,Cohen,Nellore (2009); cf. Hohler,Stephanov (2009)
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Outline of the talk
- Introduction 

- Trace anomaly from actual data, its relation to a peak 
in the sound velocity 

- Strongly-interacting conformal matter and positivity of the 
trace anomaly 

- Possible implications from field theory and NS 
observations?  

- Summary
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Trace anomaly equation
- The trace of the QCD energy-momentum tensor  is a 

measure of scale invariance, or conformality: 

                 

- Finite-  part of the trace anomaly (interaction measure): 

                               

- We consider the normalized trace anomaly: 

                        

Tμ
μ

Tμ
μ = β

2g
Fa

μνFμν
a + (1 + γm)∑

f
mf q̄fqf

μB
⟨Tμ

μ⟩μB
= ε − 3P

Δ ≡
⟨Tμ

μ⟩μB

3ε
= 1

3 − P
ε

9

⟨Tμ
μ⟩ = ⟨Tμ

μ⟩μB
+ ⟨Tμ

μ⟩0

− 2
3 ≲ Δ ≤ 1

3
cf. Gavai,Gupta,Mukherjee (2004)
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Trace anomaly from neutron star data

Δ ≡
⟨Tμ

μ⟩μB

3ε
= 1

3 − P
ε

10

Fujimoto,Fukushima,McLerran,Praszalowicz (2022)

 already at  
→ rapid approach to  

conformality 

Suggests strongly-coupled 
conformal matter with 

Δ ∼ 0 ∼ 5ε0

P ≈ ε/3

- Inferred from neutron star data:
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Decomposition of sound velocity
- Sound velocity can be decomposed into  and its derivative 

- Two bounds put by conformal limit:   and  

This decomposition explains why  and  
are possible simultaneously

Δ

Δ ≥ 0 v2
s ≤ 1/3

Δ ≥ 0 v2
s > 1/3

11

v2
s = ε

d
dε ( P

ε ) + P
ε

= ε
dΔ
dε

+ (1
3 − Δ)

Derivative 
component

Non-derivative 
component
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Decomposition of sound velocity

Rapid approach to  naturally spikes Δ → 0 v2
s

12

Fujimoto,Fukushima,McLerran,Praszalowicz (2022)

Trace anomaly Δ = 1
3 − P

ε

Sound velocity v2
s = ε

dΔ
dε

+ (1
3 − Δ)

Derivative 
component

Non-derivative 
component

Monotonic  gives rise to non-monotonic  and violation of Δ v2
s v2

s ≤ 1/3
Δ ≥ 0 v2

s > 1/3

Derivative component creates the peak
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Cf. Sound velocity at finite-T
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Trace anomaly Δ = 1
3 − P

ε

Sound velocity v2
s = ε

dΔ
dε

+ (1
3 − Δ)

Derivative 
component

Non-derivative 
component

HotQCD (2014)

Derivative component does not contribute
v2

s ≈ P/ε
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Strongly-coupled conformal matter

14

not well-constrained by data 
→ QCD tells us something?
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Strongly-coupled conformal matter

15

not well-constrained by data 
→ QCD tells us something?

Interpolation by Gaussian process:
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Is the trace anomaly positive?
- It may well be positive, but it doesn’t have to be. 

cf) single-particle matrix element:  

- Several known examples of negative trace anomaly: 
 ○ Two-color QCD 
 ○ QCD at finite isospin chemical potential 
 
 
 
 
 
 

⟨p |Tμ
μ |p⟩ ∼ p2 = m2 ≥ 0

16

e.g., Cotter,Giudice,Hands,Skullerud (2012); Iida,Itou (2022)
Son,Stephanov (2001); 
Brandt,Endrodi+ (2018-)…
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2-color QCD & finite-  lattice dataμI
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QCD thermodynamics at non-zero isospin asymmetry Bastian B. Brandt
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Figure 3: Results for the pressure (top-left), the interaction measure (top-right), the energy density (bottom-
left) and and the entropy density (bottom-right). The results have been obtained on our lattice with #C = 8
from the spline interpolation of the isospin density discussed in the main text. The dark gray curves are the
) = 0 results from Ref. [17].

and the #C = 8 ensemble in Fig. 3. We also show the ) = 0 results from Ref. [17] (dark gray
curves). Evidence for the presence of the pion condensate in the EoS is given by the characteristic
behavior of the interaction measure (top-right). At ) = 0 it initially increases starting at the BEC
phase boundary, `� /<c = 0.5, before reaching a maximum at around `� /<c ⇡ 0.66 from where
it decreases and becomes negative at around `� /<c ⇡ 0.84. Note, that for ) = 0 the interaction
measure and the other quantities vanish at `� = 0. These findings are in agreement with the results
from chiral perturbation at next-to-leading order [24]. The same behavior can still be seen for
) = 120 MeV and to some extent for ) = 145 MeV, where, however, the maximum (if it still exists)
is shifted towards larger values of `� . For ) = 165 MeV the system hardly enters the BEC phase
and no sign of pion condensation is present in ��. The BEC phase also leads to non-monotonous
behavior of the entropy density with `� at low temperatures.

Similar results are available for the #C = 10 and 12 lattices and we show a comparison between
the results for pressure and interaction measure in Fig. 4. While for the interaction measure the
bands overlap in most regions of parameter space, the pressure shows clear signs for sizeable lattice
artifacts at #C = 8. This is not unexpected given the large lattice artifacts for the leading order
Taylor coe�cient at #C = 8 observed in Ref. [25] together with the fact that the Taylor expansion

5

3

introduce the physical scale as Tc = 200 MeV, where
Tc denotes the pseudo-critical temperature of chiral
phase transition at µ = 0, then our parameter set,
� = 0.80 and N⌧ = 16 (T = 0.39Tc), corresponds
to a ⇡ 0.17 fm and T ⇡ 79 MeV. The mass of
lightest pseudo-scalar (PS) meson at µ = 0, mPS ,
is still heavy in our simulations, amPS = 0.6229(34)
(mPS ⇡ 750 MeV).

We show the schematic picture of the phase struc-
ture in Fig. 1 and summarize the definition of each
phase in Table I, which is an extract from Ref. [26].
The order parameters that help classify the phases

FIG. 1. Schematic 2-color QCD phase diagram. Each
phase is defined in Table I.

Hadronic Superfluid

Hadronic matter BEC BCS

h|L|i zero zero

hqqi zero zero non-zero non-zero

hnqi zero non-zero 0 <
hnlatt.

q i

ntreeq

< 1
hnlatt.

q i

ntreeq

⇡ 1

TABLE I. Definition of phases.

are the Polyakov loop h|L|i and diquark conden-
sate hqqi, whose zero/nonzero values indicate the
confinement and the superfluidity, respectively. We
found that the superfluidity emerges at µc/mPS ⇡

0.5 as expected by the chiral perturbation theory
(ChPT) [33]. It is natural to use µ/mPS as a di-
mensionless parameter of density since the critical
value µc can be approximated by mPS/2 even if
the value of mPS in numerical simulation would be
changed [34]. We also confirmed that the scaling
law of the order parameter around it is consistent

with the ChPT prediction. Furthermore, we mea-
sured the quark number operator hnlatt.

q i. We iden-
tified the regime where hnlatt.

q i is consistent with
the free quark theory as the BCS phase (See Fig.7
in Ref. [26]). Thus, we concluded that there are
hadronic, hadronic-matter, BEC and BCS phases at
T = 79 MeV, although there is no clear boundary
between the BEC and BCS phases. Interestingly,
up to µ/mPS = 1.28 (µ . 960 MeV), the confining
behavior remains, while nontrivial instanton config-
urations have been discovered from calculations of
the topological susceptibility [26]. It indicates that
a naive perturbative picture, for instance, pQCD, is
not yet valid in the density regime studied here.

The trace anomaly and pressure are shown in
Fig. 2. For the trace anomaly, we plot the gauge part
(the first term in Eq. (3)) and minus the fermion
part (the second term) separately. Both parts are
normalized by µ4 to see the dimensionless asymp-
totic behavior. The magnitude of each part has a
peak around the hadronic-superfluid phase transi-
tion. It is very similar to the emergence of the peak
of (e�3p)/T 4 around the hadronic-QGP phase tran-
sition at µ = 0.

0

0.2

0.4

0.6

0.25 0.5 0.75 1 1.25 1.5
µ/mPS

(e-3p)g/µ
4

-(e-3p)f/µ
4

p/µ4
pSB/µ

4

FIG. 2. Trace anomaly and pressure as a function of
µ/mPS . The circle and cross symbols denote the gauge
part and minus the fermion part of the trace anomaly,
respectively. We also show p/µ4 at the relativistic limit,
pSB/µ

4 = NfNc/(12⇡
2). The purple dashed line denotes

the critical value, µc, which is the hadronic-superfluid
phase transition point, while the green dashed line in-
dicates that the BEC-BCS crossover occurs around this
value of µ.

As for the pressure, at µc = mPS/2 for the
hadronic-superfluid phase transition (purple vertical
line), p takes a non-zero value since hnqi becomes

Iida,Itou (2022) Brandt,Cuteri,Endrodi (2021)

 QCDNc = 2 QCD at finite isospin 
chemical potential
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2-color QCD & finite-  lattice dataμI

18

QCD thermodynamics at non-zero isospin asymmetry Bastian B. Brandt
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Figure 3: Results for the pressure (top-left), the interaction measure (top-right), the energy density (bottom-
left) and and the entropy density (bottom-right). The results have been obtained on our lattice with #C = 8
from the spline interpolation of the isospin density discussed in the main text. The dark gray curves are the
) = 0 results from Ref. [17].

and the #C = 8 ensemble in Fig. 3. We also show the ) = 0 results from Ref. [17] (dark gray
curves). Evidence for the presence of the pion condensate in the EoS is given by the characteristic
behavior of the interaction measure (top-right). At ) = 0 it initially increases starting at the BEC
phase boundary, `� /<c = 0.5, before reaching a maximum at around `� /<c ⇡ 0.66 from where
it decreases and becomes negative at around `� /<c ⇡ 0.84. Note, that for ) = 0 the interaction
measure and the other quantities vanish at `� = 0. These findings are in agreement with the results
from chiral perturbation at next-to-leading order [24]. The same behavior can still be seen for
) = 120 MeV and to some extent for ) = 145 MeV, where, however, the maximum (if it still exists)
is shifted towards larger values of `� . For ) = 165 MeV the system hardly enters the BEC phase
and no sign of pion condensation is present in ��. The BEC phase also leads to non-monotonous
behavior of the entropy density with `� at low temperatures.

Similar results are available for the #C = 10 and 12 lattices and we show a comparison between
the results for pressure and interaction measure in Fig. 4. While for the interaction measure the
bands overlap in most regions of parameter space, the pressure shows clear signs for sizeable lattice
artifacts at #C = 8. This is not unexpected given the large lattice artifacts for the leading order
Taylor coe�cient at #C = 8 observed in Ref. [25] together with the fact that the Taylor expansion
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Iida,Itou (2022)
Brandt,Cuteri,Endrodi (2021)

 QCDNc = 2 QCD at finite isospin 
chemical potential

(replotted their data by myself, 
I simply discard error bars)

These data shows that the trace anomaly is negative
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Is the trace anomaly positive?
- It may well be positive, but it doesn’t have to be. 

cf) single-particle matrix element:  

- Several known examples of negative trace anomaly: 
 ○ Two-color QCD 
 ○ QCD at finite isospin chemical potential 

- Consider the following simple expression: 

                               

    is reached at ,

⟨p |Tμ
μ |p⟩ ∼ p2 = m2 ≥ 0

ε(n) = mn + C
Λ2 n2

Δ → 0 n = mΛ2

2C

19

e.g., Cotter,Giudice,Hands,Skullerud (2012); Iida,Itou (2022)
Son,Stephanov (2001); 
Brandt,Endrodi+ (2018-)…

 for finite-  
 for finite-

m = mN μB
m = mπ μI
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Is the trace anomaly positive?

- In the chiral limit,  

- Trace anomaly is related to the counting of the degrees of 
freedom in pressure,  : 

                             

If  keeps increasing, we get  
Open question:  what if we have color superconductivity? 
                           interplay between trace anomaly and  
                           diquark condensate?

⟨θ⟩μB
≡ ⟨Tμ

μ⟩μB
= β

2g ⟨Fa
μνFμν

a ⟩μB

ν ≡ P/μ4
B

⟨θ⟩μB

μ4
B

= μB
dν
dμB

≥ 0

ν Δ ≥ 0

20
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Outline of the talk
- Introduction 

- Trace anomaly from actual data, its relation to a peak in the 
sound velocity 

- Strongly-interacting conformal matter and positivity of the 
trace anomaly 

- Possible implications from field theory and NS 
observations?  

- Summary

21



/24

Bounds from theory?

22

Δ ≥ − ⟨θ⟩0
3ε (1 − μ4

B

m4
N ) = 4 |εv |

3ε (1 − μ4
B

m4
N )

It depends on the vacuum value . 
RHS quickly decreases, so tells nothing about positivity…

⟨θ⟩0 = − 4 |εv |

Consideration based on the low-energy theorem

GE(0,0) = lim
q→0 ∫ d4xeiqx⟨Tθ(x), θ(0)⟩ = (μ

∂
∂μ

− 4)⟨θ⟩ ≥ 0

Using the relation , 
then integrate w.r.t.  from  to  :

⟨θ⟩ = ⟨θ⟩μB
+ ⟨θ⟩0 = ε − 3P + ⟨θ⟩0

μ mN μB
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Testing  by NS observationΔ ≥ 0
- One example:  put the bound on the maximum massΔ ≥ 0

23

See also: Drischler,Han,Lattimer,Prakash,Reddy,Zhao (2020)

The maximally large M-R: the stiffest EoS 
The most massive and compact M-R: soft at low density and stiff at high density

Rhoades Jr.,Ruffini (1974)

Koranda,Stergioulas,Friedman (1995)
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Summary
- Trace anomaly  measures conformality, is is a 

complement to the speed of sound  

- NS data suggest  rapidly approach to the conformal limit  

-  gives rise to the sound velocity peak 

- Strongly-interacting conformal matter may be inside NSs 

- The trace anomaly may be positive (not proven).  It can be 
tested by, e.g., the bound on the maximum mass of NSs

Δ
v2

s

Δ

Δ → 0

24

Consistent with microscopic pictures, e.g., Masuda,Hatsuda,Takatsuka (2013); 
McLerran,Reddy (2018); Pisarski (2021); Kojo (2021) & many others


