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Abstract

In this work, we try to improve the classic asymptotic formulae to describe the probability distribution of likelihood-ratio statistical tests. The idea is to split the probability distribution function into two
parts. One part is universal and described by the asymptotic formulae. The other part is case-dependent and estimated explicitly using a 6-bin model proposed in this work. The latter is similar to doing toy
simulations and hence is able to predict the discrete structures in the probability distributions.

{Introduction Discrete features in the small-statistics contribution

When we do physics interpretation in a measurement, the test-statistics with the biggest power is

likelihood ratio. Here we use the toy MC simulations with observing 2 events to illustrate the discrete features in

the small-statistics contribution. The curves with different colors represent the solutions of

) predicted in a simplified model.
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However, we still meet many cases where few events are expected, especially, in searching for
rare physics signals. A natural idea to overcome the limitation above is to split the probability
distribution function (PDF) of a likelihood-ratio based test statistics, 7}, into two parts according
to the expected number of events.

Figure 2. The distribution of i (L) and g, (R) from the toy experiments under the hypothesis p; = 3.

Here is our new asymptotic formula [2] for 1},'s PDF. It has two parts. 6-Bin Model Approximation for Small Statistics
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F(Tulpn) = E:o F(Tuln, pa) P(nfb + pas) Once we obtain the 6-bin model, we can calculate the small-statistics part explicitly using the
el following formula.
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Nsmail 1S the threashold we split the PDF of tu. fgg describes the small-statistics (SS) contribution. where fpinned 1s the PDF of T), for a given observation.
It will be calculated using a 6-bin model proposed here. frg describes the large-statistics (LS)
contribution. It is universal and just the classical formula with a propoer correction. Results
An Example Some examples of probability distributions of g,, are shown below.
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We design a pseudo experiment. The prototype is searching for Higgs boson using the H — ~~y

oy Hbl) o < o<

mode. The signal is described by a Gaussian function while the background is described by a qu(pt) = 9 L(j16)

smooth and slowly-dropping exponential function. In the signal-sensitive region (123 < m.,, < 9 1p Ldw) i<

127 GeV), the expected signal (background) yield is 0.91 (0.64). \ L£(0,6(0))
e = sgnal |/ The black dots and open circles represent the toy MC results. The blue solid/dashed histograms
S oo 1 e | represent the new asymptotic formulae in this work while the red solid/dashed histograms
z 007 | | represent the classic asymptotic formulae from Wald's approximation. The black and gray arrows
2 oo [\ ; represent the observed and expected ¢, , respectively.

o0t We can see that new asymptotic formulae predict the bump structures in the PDF of g,.
0.02

1
: E - | 3
0:1 P R T j k‘ 11111111111111 10 I I I

0.01

: b % | T T T | T T T | T T T | T T T T T T T :I [ | T .4? % T T | T T T | T T | T T T | T T T T T T T :I [ | T
110 120 130 140 150 160 10—2: ] E 102 - gks exp. t(l)y)zo_OSOgggé)O]_ ¢ :Oy(pH O) 1_3 102 - gtg gxp_ gl)%gz%o%Gggfoj_ ¢ :Oy(pH O)
GeV = CLs exp.(classic)=0. = 3 Xp. ic)=0. =
T (Gevl . ? > ) > ° 3 - CLs exB. new)=0.053 f Oy(“.H ) S - CLs exg. new)=0.033 f Oy(uH )
_ o _ _ _ o g 10 gts oBs. t?y):_().0700w_6(7)é)01 CIaSSIC(pH: g 10= gts ogs. tcl)y):Q.O403629001 CIaSSIC(uH:
B} _ = CLs obs.(classic)=0. . = CLs obs.(classic)=0. .
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Discrete Features in ¢, and
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The scattering plot of ¢, : ft with ¢t = 3 from the toy experiments under the hypothesis 1y = 0

(L) and py = p = 3 (R). The dashed curve shows the asymptotic f_ormulae according to Wald's d, (ex0, p=3.000) d, (ex0, p=3.500)
theorem. On the one hand, we can see that the asymptotic form still looks good even in these
low-statisics cases. On the other hand, there are clear structures which reflect the discrete feature The table below summarizes the upper limits. We can see that our new formulae show better
in the distribution of g, or L. agreement with the toy MC results.
L 1 i} Toy Classic New
1S 141 — 1o 141 ~
o = ] Exp 3.19 2.80 (12.2%) 3.07 (3.5%)
0 a0 = Obs|3.38 3.48 (3.0%) 3.48 (3.0%)
| ' = “ | : i Table 1. Summary of the upper limits at 95 % Confidence Level.

The numbers in the brackets indicate the relative difference with respective to the toy results.

Conclusion

In this work, we try to improve the classic asymptotic formulae to describe the probability
distribution of the likelihood-ratio statistical tests which are commonly used in the field of high
TWorkflow] | energy physics. The idea is to split the PDF into two parts. One is described by the classic

Here is the workflow to obtain the 6-bin model to calculate fgsg fc.>rmu|a.e with proper corrections, and ’Fhe other is calculated bY mimicing the process of toy MC
simulation. This idea successfully predict the discrete features in the small-statistics cases. Two
examples with different sample sizes are presented and show that the new formulae have stable
improvements on both the differential distribution of the test statistic and the upper limit

calculation.
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