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Motivation

Top-quark mass is one of the fundamental parameters in the Standard Model.

Summary of the top-mass analyses at the LHC.

ATLAS+CMS Preliminary My from cross-section measurements

LHCtopWG June 2022
B m,, * tot (stat + syst  theo) e

o(tf) inclusive, NNLO+NNLL

ATLAS, 748 TeV —— 1729 %7 1

CMS, 748 TeV —— 173817

CMS, 13 TeV —— 169.9 77 (01415 *¥)

ATLAS, 13 TeV —— 1731 2 e

LHC comb., 7+8 TeV._Lctopwa —— 1734 32
o(ti+1]) differential, NLO

ATLAS, 7 TeV Hee—H 1737 37 (15414 39)

CMS, 8TeV (*) i 169.9 57 (1.1 £ 75)

ATLAS, 8 TeV — 1711 %5 (0.4 £0.9 57)

CMS, 13 TeV () — 172.9 44

o(t) n-differential, NLO

ATLAS, n=1,8 TeV e 1732+16(0.9:08%12) [0
CMS, n=3, 13 TeV — 170.5+0.8 i

My from top quark decay
CMS, 748 TeV comb. [10]
ATLAS, 748 TeV comb. [11] * prolminary

e b e L s Lo L L Ly

155 160 165 170 175 180 185 190

m, [GeV]

Precision Predictions for Top-quark Width 2023-11-17 2/22



Motivation
Top decay width I'; is one of the fundamental properties of top-quark.
Due to its large mass, I'; is expected to be very large.

The measurement of I', could hint new physics.

[Denisov, Vellidis 2015]

Precision Predictions for Top-quark Width 2023-11-17 3/22




Motivation

The top-quark decays almost exclusively to Wb. T', =T, (¢t — Wb).

|VCKM

(0497435 4+ 0.00016  0.22500 £ 0.00067  0.00369 £ 0.00011)

+0.00085
0.22486 £ 0.00067 0.97349 £ 0.00016  0.0418275:0005>

+0.00020 +0.00083 +0.000031
0'0085770.00018 0'0411070.00072 0'99911870.000036

[PDG 2022]

The most precise measurement for I', by now is given by CMS

I, = 1.36 + 0.02 (stat.)"511 (syst.) GeV [CMS, 2014].

In the future ee™ collider, I', can be measured with an uncertainty of 30 MeV

[Martinez, Miquel 2019].
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Theoretical Development

NLO QCD corrections [Jezabek, Kuhn 1989, Czarnecki 1990, Li, Oakes, Yuan 1991]
NLO EW corrections [Denner, Sack 1991, Eilam, Mendel, Migneron, Soni 1991]

Numerical result of full NNLO QCD corrections [Gao, Li, Zhu 2013, Brucherseifer,
Caola, Melnikov 2013]

Numerical result of full N3LO QCD corrections [Chen, Chen, Guan, Ma 2023] — see
Long Chen’s talk

Analytic results of NNLO and N3LO QCD corrections [Chen, Li, Wang, Wang 2022,
Chen, Li, Li, Wang, Wang, Wu 2023]
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Optical Theorem

Consider the forward scattering amplitudes > for t — Wb — ¢

r, - Im(X) (1)

my

For N3LO QCD corrections, the self-energy four-loop diagrams are considered. For

example,

The imaginary part comes from cut diagrams.

The complicated phase space integration can be avoided.

Precision Predictions for Top-quark Width 2023-11-17 6/22




Calculation Method

For t — Wb — t, b quark is considered as massless. We define w = m?2 /m?.
1. Generating diagrams and amplitudes.
2. Reducing amplitudes to master integrals by FIRE [Smirnov, Chuharev 2020].

3. Analytically calculating the master integrals.
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Master Integrals Calculations

Method: canonical differential equations. For example,

OF,(w,€) _ €(F5 —2F)  e(Fy+Fy) w — miy D—4d_9 )

ow w—1 w mj

Two important ingredients:

1. Construct canonical form (e form, dlog form) — Libra [Lee 2021]

2. Boundary conditions — AMFlow [Liu, Ma 2022] and PSLQ method [Ferguson, Beiley,
Arno 1992 1999]

Results: harmonic polylogarithms (HPLs).

Analytic calculations of three loop and four loop master integrals are non-trivial.
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Analytic Results

QCD corrections of I', up to N3LO.

oy a2 «
D(t — Wb) =T, {Xo+—éX] + (7) X2+(
™ ™ ™

_ GF”n?'V;fb‘Q

8v/2m

The LO and NLO corrections are

Ty

Xo= 2w+ 1)(w—1)2

7T2

®3)
(4)

X, =Cp (XO( = 2Hy y (w) + Hy(w) Hy (w) = & ) + %(410 +5)(w— 1)2H, (w)

3

1
+w(2w? +w — 1)Hy(w) + Z(Gw?’ — 15w? + 4w + 5))
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Analytic Results of NNLO

According to color structure,

aS‘ ai‘ 2
D(t— Wb) =T, [XO—&-?‘XH— (?) X2}, (6)
X, = Cp(TpmX; + Tpnp X, + CpXp+ CuXy) (7)
Xy 2
X, = 3 [Ha‘l,o(w) - Ho,o,1(w) - 2Ho,1,1(w) + 2H1,1,0(w) —m*Hy(w) — 3((3)} + g(w),
1
Xp = EXD[ —6 (2H0,1,0,1(w) + 6H1,0,0‘1(w) - 3H1,0,1,o(w) - 12((3)H1(w)) - 7T2H1,0(w)]

1
+ (Xo + 4w) (_EWQHD,—I(UJ) - 2H0,714,0,1(w))
1 1

+ 35 (18w* — 3w? + 76w + 15) 72 Hy , (w) — 3 (4w® — 2w? + 4w + 3) Hy 9.1 (W)

1 .
+ 3 (4w® — 2w? + 16w+ 3) Hy g1 o(w) + w (2w? — Tw — 16) Hy o 4 4 (w)

1
7 (42w® — 191w? — 328w — 11) + gp(w).

1, .
—5 (2w® —11w? — 28w — 1) Hy ;4 o(w) + =0
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|
Analytic Results of NNLO

The result of NNLO expanded in w =0 and w =1 (w = m¥,/m?)

5 =
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Off-Shell W Boson

Including the W boson width Iy, = 2.085 GeV, the I'; becomes [Jezabek, Kuhn 1989]

~ 1 [ myy Dy
D,=T0— W) =— dg? W= W I, (¢%/m?), 8
t (t— ) W/o q (q2*7n%v)2+m%vr‘24’ (q%/mi) (8)
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Leading color contribution at NNLO

Xy =Cp[CpXp + Cp Xy + TpyX, + Trny, X
1

X n n
o {NE (XA+7F)+5’X172N Xp+ X, (9)
N2—-1 1
cVF: ;N ) CA:Nm TR:§7

n;(n;,) = number of light (heavy) quark flavors.

In the top quark decay, N, =3,m,=5mn, =1, w~022, X, /Xy > 95%.

o
N
o
N
o
o
o
o

Xz‘LC/XZ
o
©
/J
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w
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Analytic Calculations of N3LO

According to NNLO, the leading color contributions are dominant.

The analytic calculation of full N3LO is quite difficult.

~

~ Y Y,
Xy =Cp |:N§YA +Y, A+ Nfg +n Yy (Nuyz + Nl> + 0V, (10)
c c

Y,
+ My (Ncyrh + 1\;1) + TLIZLYh2:| .

c

X31c=0Cp |:N§YA +nyN.Y, + "'123/12} (11)

In leading color approximation, there are still 408 Feynman diagrams and 185 master

integrals need to be calculated.
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Numerical Results

Input parameters from [P.D.G 2022]

my = 172.69 GeV, m; =4.78 GeV,
myy = 80.377 GeV, TI'y, =2.085 GeV,
my = 91.1876 GeV, Gp = 1.16638 x 1075 GeV 7,

[Vl =1, a,(my)=0.1179. (12)
F'O) 1.486 GeV with m,;, = 0 and on-shell .

T, = F(U)[(l + 6(0) + 5(0))
+ (0 + 0 + Ogw +05ep) (13)
+ (51(72 + 5%/?/ + 6E\)N + 6QCD + 6;32\)7V><QCD)

(3 3) (3)
+ (3 '+ 5( + 5( 5Q)CD + 6EW><QCD)]
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Numerical Results

Corrections in percentage (%) normalized by the LO width F&O) = 1.486 GeV with

my, = 0 and on-shell W.

6 0w dmw  gen  Ti1GeV]
LO | -0273 -1544  — - 1.459
NLO | 0.126  0.132 1.683 -8.575 1.361730%
NNLO * 0.030 * -2.070  1.33175:00%%
N3LO * 0.009 * -0.667  1.321°0003}

—0.0021

QCD corrections are dominant.

X3¢/ X3~ 95% compared with full numerical result. [Chen, Chen, Guan, Ma 2023]

NLO EW correction is 1.683%.

The off-shell W boson effect at NNLO and N3LO are further suppressed.
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Numerical Results

m, varies from 170 GeV to 175 GeV. p varies from % to 2m,.

16

—LO M NLO NNLO NLoL.C.

15

=
8 14 1
o ]
13 -
12 ;\ TS T S S N R RS SY S AN S R ;
170 171 172 173 174 175

m, [GeV]
The scale uncertainty at N3LO is reduced to +0.2%, only half of that at NNLO.
It is very convenient to use fitted function within this range

T,(m,) = 0.027037 x m, — 3.34801 GeV (14)
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Mathematica program

TopWidth.m can be downloaded from https://github.com/haitaolil/TopWidth. The
package HPL is required [Maitre 2006].

<< TopWidth"
(*xxxxx TOPWidth-1.0 wxxxxx)
Authors: Long-Bin Chen, Hai Tao Li, Jian Wang, YeFan Wang
TopWidth[QCDorder, mbCorr, WwidthCorr, EWcorr, mu] 1is provided for top width calculations

Please cite the paper for reference: arXiv:2212.06341

x—xk—x—k—x—% HPL 2.0 *—n—n—n—n—x

Author: Daniel Maitre, University of Zurich

(» SetParameters[mt,mb,mw,Wwidth, GF] =)

17269 478 12
SetParameters[———— , ——, 80377/1000, 2085 /1000, 911876 / 10000, 11663788 - 107*?]
100 100
T w'dth[3 1,1,1 17269]
O al —_—
P! > 1, 1,1, — oo

1.32073
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Relations With Other Process

Integrating over w (w = m¥,/m?) from 0 to 1, we obtain N3LO QCD corrections in

semileptonic decay I'(b — X, ev,) [Ritbergen 1999].

o GElViPmi g\
T(b— X,e7,) = —L 0 0 {14 ; (?) b | (15)
be — o [ (9651283 105133972 67189¢(3)  43637* N 5972¢(3) N 3655¢(5)
8T\ 82944 62208 864 6480 32 96
10976 729695 N 4840372 N 1373¢(3)  1337*  1372¢(3)  125¢(5)
3780 e 27648 15552 108 1728 72 24
24763 141772 37¢(3)  1217*
2 — — — leadi 1
+tm (20736 15552 216 6480 ) + subleading color
= (—195.3 + 9.8)Cp. (16)
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Summary

We provide the first full analytic result QCD correction at NNLO and leading color

QCD correction at N3LO, which can be used to perform fast numerical evaluations.

The NNLO and N3LO QCD corrections decrease the LO result by -2.07% and
-0.667% with m, = 172.69 GeV.

We derive the analytic N3LO QCD leading color predictions for the semileptonic b — u

decay width.

Thanks !
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= 5 oy o a2 o T m2
B, =T, | %o+ 2%, + (% X], poTw o, My
t 0{ ot (W) 2 oy m?
= QL( — (2(r = )w —i((r — i)w +9)*G(w + irw, 1))
Tl'
—((r 4+ )w —)22(r + H)w + iG(w — irw, 1) — 4r(1 — 2w)w), (17)

= é((r +i)w — i) (20472 — 9)(r + i)2w? + (42 — 27)(1 — ir)w + 472 — 15)G(w — iw, 1)
+ (r = w8 (247> = 9)(r —iP*w? + (4n> = 27)(1 + irjw + dn” — 15)G(w + iw, 1)

+) (18)

Precision Predictions for Top-quark Width 2023-11-17 21/22



-
HPLs

The analytical results of master integrals can be written as multiple polylogarithms

(GPLs)
Toodt
Gal,ar...,an (XC) = ‘é t— a Ga2,...,an (t) ) (19)
1 n
5, (2) = - In"z. (20)

In our problem, we only need harmonic polylogarithms (HPLs).

H

A 3o,y @y, (T) -

a,e{=1,0,1}- (21)

Ay 5Qg ;s (f)

For example,

“odt “odt
Hy(z) =Inz, H, ()= —1 Int, H. ) o(z)= mHlﬁo(w- (22)
(i Jo
HPLs have good mathematical properties.
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