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Rotation & Spin

Shao-Feng Ge (葛葛葛韶韶韶锋锋锋) @ TDLI & SPA Majorana Fermions 3 / 35



Quantum Mechanics

Quantization
[x̂ , p̂] = i~

E → i~
∂

∂t
, p → −i~

∂

∂x

Hamiltonian

Ĥ =
p̂2

2m
+ V (x)

Schrodinger Equation

i~∂tψ = Ĥψ

Evolution
ψ(t) = e−i Ĥtψ(t = 0)
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Spin

Stern-Gerlach Experiment

Ĥ =
p̂2

2m
+ V (x) + B · S
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Spin in Quantum Mechanics

Spin is introduced by hand

ψ →








ψ+

ψ−








= ψ+









1
0








+ ψ−









0
1








≡

∑

±

ψ±χ±

Spin Operators S = ~

2σ

σx =









0 1
1 0








, σy =









0 −i

i 0








, σz =









1 0
0 −1









Define S± ≡ Sx ± iSy

Szχ± = ±~

2
χ± , S±χ± = 0 , S±χ∓ = χ±

The spin operators S generate SU(2) symmetry. [Si ,Sj ] = iǫijk~Sk .
A spin state is a doublet of the SU(2) group.
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Rotation & Angular Momentum

Rotation in 3-D space
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y ′

z ′
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cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ
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≡ e iθJy

















x

y

z

















The rotations can also be generated by 3 operators:

Jx =

















0 0 0
0 0 i

0 −i 0

















, Jy =

















0 0 i

0 0 0
−i 0 0

















, Jz =

















0 i 0
−i 0 0
0 0 0

















Same relations [Ji , Jj ] = iǫijkJk , but slightly different symmetry
group SO(3).
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Space-Time & Boost

Boost along one axis

x ′ =
x − vt

√

1− β2
, t ′ =

t − v
c2
x

√

1− β2

Boost is also rotation!
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= γ

























1 −β 0 0
−β 1 0 0
0 0 1 0
0 0 0 1
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≡ e iβKx
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Boost also has 3 generators

Kx =

























0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

























, Ky =

























0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0

























, Kz =

























0 0 0 i

0 0 0 0
0 0 0 0
i 0 0 0
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Lorentz Symmetry

Four dimensional space-time
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= e i(θiJi+βiKi )
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Einstein’s special relativity essentially promote time to be one
dimension of space-time.

Hidden Lorentz Symmetry
Lorentz vector

Xµ ≡ (t, x , y , z), Xµ ≡ (t,−x ,−y ,−z)

Lorentz scalar is invariant under Lorentz symmetry:

X · X ≡ XµXµ = X ′ · X ′

Electrodynamics is covariant.

Shao-Feng Ge (葛葛葛韶韶韶锋锋锋) @ TDLI & SPA Majorana Fermions 9 / 35



Symmetry ⇔ Group

The four-dimensional rotations
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= e i(θiJi+βiKi )
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Can also be treated as symmetry transformation.

[Ji , Jj ] = +iǫijkJk ,

[Ki ,Kj ] = −iǫijkJk ,

[Ji ,Kj ] = +iǫijkKk

Rotation mixes with boost.
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Decomposition of Lorentz Group

Lorentz Group Generators

[Ji , Jj ] = +iǫijkJk ,

[Ki ,Kj ] = −iǫijkJk ,

[Ji ,Kj ] = +iǫijkKk

Redefinitions

Ai ≡
1

2
(Ji + iKi) Ji = Ai + Bi

Bi ≡
1

2
(Ji − iKi) Ki = −i(Ai − Bi)

Disentangled group generators

[Ai ,Aj ] = iǫijkAk

[Bi ,Bj ] = iǫijkBk

[Ai ,Bj ] = 0
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Spinor

Disentangled group generators

[Ai ,Aj ] = iǫijkAk , [Bi ,Bj ] = iǫijkBk , [Ai ,Bj ] = 0

Two sets of SU(2) group generators:

SO(3, 1) = SU(2)L × SU(2)R

The Lorentz group is equivalent to two SU(2) groups.

Parity ⇔ space inversion:

x → −x, x′ → −x′

J → J K → −K

A ↔ B SU(2)L ↔ SU(2)R

Under parity transformation, SU(2)L and SU(2)R interchanges.
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Left- and Right-Handed Fermions

The smallest nontrivial representations,

χ ∈ (2, 1) ξ ∈ (1, 2)

Dirac spinor

ψ =









χ
ξ








∈ (2, 2) = (2, 1) ⊗ (1, 2)

Left- and right-handed fermions

ψL = PLψ, ψR = PRψ,

where PL & PR are projectors

PL =









I 0
0 0








, PR =









0 0
0 I
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Parity Violation

60
27Co → 60

28Ni + e + ν̄e + 2γ
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Parity Violation in Standard Model

Electroweak symmetries SU(2)L ×U(1)Y








νL
ℓL








∈ (2,−1

2
) ℓR ∈ (1,−1)

Electric charge Q = T3 + Y determined by anomaly cancellation

Q(ℓL) = −1

2
−1

2
= −1, Q(ℓR) = 0−1 = −1, Q(νL) =

1

2
−1

2
= 0

There is no right-handed neutrino! Charge Quantization

Charged Current Interaction

gW+
µ

1√
2
(ν̄Lγ

µeL) + h.c .

only involves left-handed fermions ⇒ Parity Violation ???
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Explaining Parity Violation

Left-Right Symmetric Model

SU(2)L × SU(2)R × U(1)B−L

↓
SU(2)L × U(1)Y

Introducing W±
R , ZR , and νR

Mirror Worlds

6 copies











SM Mirror 1

Mirror 2 Mirror 3

Mirror 4 Mirror 5
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Dirac Equation

Hamiltonian vs Dispersion Relation

Ĥ =
p̂2

2m
+ V (x) ⇒ E =

p2

2m
+ V

Not consistent with special relativity, E 2 = p2 +m2.

Generalization
i~∂tψ = Ĥψ

to accommodate (E + p)(E − p) = m2.

i∂tψ = Ĥψ ≡ (αi p̂i + βm)ψ

Quadratic form

−∂2t ψ =
[

αiαj p̂i p̂j + {αi , β}p̂im +m2β2
]

ψ
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Dirac Equation

Quadratic Form:

−∂2t ψ =
[

αiαj p̂i p̂j + {αi , β}p̂im +m2β2
]

ψ

=
[

p̂ · p̂+m2
]

ψ

The coefficients should satisfy

{αi , αj} = 2δij , {αi , β} = 0, β2 = 1

α =









0 σi
σi 0








, β =









I 0
0 −I









Lorentz Invariant Form

[

i∂tγ
0 − i∂iγ

i −m
]

ψ = [i∂µγ
µ −m]ψ = 0
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Plane-Wave Solution

Plane-wave with definite energy & momentum

ψ(t, x) = ψe−i(tE−x·p) ⇒ (/p −m)ψ = 0

A free particle behaves as plane wave

Equation of Motion









−m p · σ
p · σ̄ −m

















χ
ξ








= 0

The left- and right-handed spinors are correlated:

χ =
p · σ
m

ξ, ξ =
p · σ̄
m

χ

The EOM reduces 4 dof to 2 dof.

Shao-Feng Ge (葛葛葛韶韶韶锋锋锋) @ TDLI & SPA Majorana Fermions 19 / 35



Plane Wave Solution from Boost & Rotation

In the rest frame: (mγ0 −m)ψ0 = 0

m









−1 1
1 −1








ψ0 = 0, ⇒ ψs

0 =









ξs

ξs









with two spin polarizations s = ±1.

Rest frame → general case:

ψ(~p) = Rz(φ)Ry (θ)Bz(β)ψ0

Bz (β): Boost along z-axis
Ry (θ): Rotate angle θ from z-axis
Rz(φ): Rotate angle φ around z-axis
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Two Component Theory

Explicit parametrization

uh(p) =









ω−hχh

ω+hχh








χ+ =









cos
(

θ
2

)

sin
(

θ
2

)

e iφ








χ− =









− sin
(

θ
2

)

e−iφ

cos
(

θ
2

)









where ω± ≡
√

E ± |p| & p = |p|(sin θ cosφ, sin θ cosφ, cos θ)

Massless limit
ω− =

√

E − |p| → 0

Only two components of the 4-spinor can survive:

u+(p) =
√
2E









0
χ+








u−(p) =

√
2E









χ−

0









which is exactly the case for neutrinos.
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Two-Component Theory & Parity Violation

Physical Review, 105, 5, 1671-5 (1957)
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Two-Component Theory & Weyl Spinor

Only two components of the 4-spinor can survive:

u+(p) =
√
2E









0
χ+








u−(p) =

√
2E









χ−

0









Either left or right handed components ⇒ Parity Violation.

Spin eigenstates along momentum

χ+ =









cos
(

θ
2

)

+sin
(

θ
2

)

e iφ








→









1
0









χ− =









− sin
(

θ
2

)

e−iφ

cos
(

θ
2

)








→









0
1









Left-handed spinor has only spin-down polarization & the opposite
for right-handed spinor.
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Living Particles

Decay

Radiation

Annihilation
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Harmonic Oscillator

Hamiltonian

Ĥ =
p̂2

2m
+

1

2
mω2x̂2

Dimensionless operators

Q̂ ≡
√

mω

~
x̂ , P̂ ≡ 1√

mω~
p̂

Ĥ =
1

2
ω̂
[

P̂2 + Q̂2
]

Ladder Operators

a ≡ 1√
2
(Q̂ + i P̂), a† ≡ 1√

2
(Q̂ − i P̂)

Ĥ = ~ω

(

a†a+
1

2

)

Ĥ|n〉 = ω̂

(

n+
1

2

)

|n〉

a|n〉 = √
n|n − 1〉 & a†|n〉 =

√
n + 1|n + 1〉 ⇒ a†a|n〉 = n|n〉.
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Second Quantization - Scalar as An Example

Scalar field

φ(x, t) =

∫

d3p

(2π)3
1

√

2Ep

(

ape
−ip·x + a†pe

+ip·x
)

=

∫

d4p

(2π)3
δ(p2 −m2)

(

ape
−ip·x + a†pe

+ip·x
)

Containing both ap & a
†
p for a scalar particle with p.

Commutation relation
[

ap, a
†
p′

]

= (2π)3δ(3)(p− p′),
[

ap, ap′
]

=
[

a†p, a
†
p′

]

= 0

Identical particles

|φ(p)〉 = a†p|0〉, |φ(p)φ(q)〉 = a†pa
†
q|0〉, · · ·
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Spin-1/2 Fermions

Field

ψ(x) =

∫

d3p

(2π)3
1

2Ep

∑

s

[

aspu
s(p)e−ip·x + bs†p v s(p)e ip·x

]

with s = ±1 for the two spins

Two sets of operators

{

Particle: asp, a
s†
p , |f s〉 = as†|0〉, positive frequency

Anti-Particle: bsp, b
s†
p , |f̄ s〉 = bs†|0〉, negative frequency

satisfying anti-commutation relations:

{arp, as†q } = {brp, bs†q } = (2π)3δ(3)(p− q)δrs

In total, there are four degrees of freedom.
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Equations of Motions (i /∂ −m)ψ = 0

ψ(x) =

∫

d3p

(2π)3
1

2Ep

∑

s

[

aspu
s(p)e−ip·x + bs†p v s(p)e ip·x

]

Particle

(/p −m)u =









−m p · σ
p · σ̄ −m








u = 0

Particle has 2 dof

uh(p) =









ω−hχh

ω+hχh









Anti-Particle

(/p +m)v =









m p · σ
p · σ̄ m








v = 0

Anti-particle also has 2 dof

vh(p) =









−hω+hχ−h

+hω−hχ−h
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Creation & Annihilation in Pair

Since particle & anti-particle are described by different operators,
why they can be created & annihilated in pair?

Interaction term should be Lorentz invariant

ψOψ ∈ L

Spin 1
2 × 1

2 = 0 + 1 could be invariant (0).

Creation

〈f f̄ |ψOψ|0〉 = 〈0|ab(ūa† + v̄b)O(ua + vb†)|0〉 = ūOv

Annihilation

〈0|ψOψ|f f̄ 〉 = 〈0|(ūa† + v̄b)O(ua + vb†)a†b†|0〉 = v̄Ou

For others
〈ff , f̄ f̄ |ψOψ|0〉 = 〈0|ψOψ|ff , f̄ f̄ 〉 = 0
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Charge Conjugation

If there is charge, ψ → e iα(x)Qψ:

asp → e iα(x)Qasp, bsp → e−iα(x)Qbsp,

Particle & anti-particle have opposite charges.

Use charge conjugation to relate particle with anti-particle?

CaspC = bsp, CbspC = asp

Spinor transforms as

ψ(p) =
∑

s

[

aspu
s(p)e−ip·x + bs†p v s(p)e ip·x

]

Cψ(p)C =
∑

s

[

bspu
s(p)e−ip·x + as†p v s(p)e ip·x

]
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Charge Conjugation of Fields

Relation among spinors

us(p) = −iγ2(v s(p))∗, v s(p) = −iγ2(us(p))∗

Spinor transformations

ψ(p) =
∑

s

[

aspu
s(p)e−ip·x + bs†p v s(p)e ip·x

]

Cψ(p)C = −iγ2
∑

s

[

bsp(v
s(p))∗e−ip·x + as†p (us(p))∗e ip·x

]

= −iγ2ψ∗(p)

≡ ψc (p)
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Dirac vs Majorana Fields

Definition: Majorana field is its own charge conjugation!

ψ(p) = ψc(p)

Reconstruction in Dirac field

ψD(p) =
∑

s

[

aspu
s(p)e−ip·x + bs†p v s(p)e ip·x

]

Decomposition: ψ±
M(p) ≡ ψ(p)± ψc (p), each with 2 dof

ψM
± (p) =

∑

s

[

(asp ± bsp)u
s(p)e−ip·x + (asp ± bsp)

†v s(p)e ip·x
]

Basically the difference appears in the operator part.
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Massless limit

Dirac vs Majorana

ψD(p) =
∑

s

[

aspu
s(p)e−ip·x + bs†p v s(p)e ip·x

]

ψM(p) =
∑

s

[

aspu
s(p)e−ip·x + as†p v s(p)e ip·x

]

Massless limit

u+(p) =
√
2E









0
χ+








u−(p) =

√
2E









χ−

0









v+(p) = −
√
2E









χ−

0








v−(p) = −

√
2E









0
χ+
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Is Majorana fermion its own antiparticle?

Left vs Right

ψM
L (p) =

√
2E

∑

s

[

a−p e
−ip·x − a+†

p e ip·x
]









χ−

0









ψM
R (p) =

√
2E

∑

s

[

a+p e
−ip·x − a−†

p e ip·x
]









0
χ+









Although the spinor seems the same, the particle and anti-particle
are associated with different spin/helicity.

Majorana particle is NOT its own anti-particle!
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Thank You!
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