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Differences between theories with and without interaction characterize UV information

= Relative entropy characterizes their difference
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 Definition of relative entropy b/w two probability distribution functions p, and pg

S(pallpp) = Tr |pslnpy = palnpy| > 0

- relative entropy is non-negative % equality holds if and only if p, = pg

* Relative entropy provides guantitative difference between two things defined
by probabillity distribution functions

- ’ — A — B
S| T)>0  SB||B) =0

What about relative entropy b/w theories with and without interaction?

= \We have to define probability distribution for each theory.
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» We consider theories described by Lo, P| + L¢P, D]
x @: heavy fields, @: light fields

» We define /| ¢, ©| + ¢ - [,| ¢, D] by introducing parameter ¢
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We consider relative entropy S(P, | | Pp)

x (D, @) of A is the same as that of B
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S(P, | | Pp) yields constraints on the Euclidean effective actions
even in quantum mechanical system
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Theory Hamiltonian Probability Partition function
A H,

magnetic field =0

B - - _
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magnetic field # 0 i=1 j=1

* Relative entropy:

N
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|

Magnetic susceptibility g=0 Curies’s law

= MB (g pe|2 + 0(g%) 2 0 = M’ [¢? pl2+0(g%) =0

High temperature: fJ < 1
Non-negativity of relative entropy explains why the magnetic susceptibility
IS positive x This result holds in general dimensions
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Example: Euler-Heisenberg theory

« Consider the U(1) gauge field Aﬂ coupled to a charged fermion i

Theory Action in Minkowski space Probability Partition function
: | : M
A IO = d4x <_ZF'“VFMU + l/—/(i},’uaﬂ — m)l//) PA — €_IO[A”’W]/ZO ZO — d[A'M]d[l//]d[l,_U]e_IO[A W
B 1= @ (—2F, P 4 iy, by, W)AH Py = e AWz Z, = nd[A”]d[ ld[ple "4V
g X _Z 227 T W(l}’ﬂ — m)l//— 8- €(Vf?/ﬂl//) p—€ ¢ o 0 = yla\y

* Relative entropy:
S(PA‘ ‘PB) — Wo—

'g gs

de
W,+g-
dg
g=0
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« Consider the U(1) gauge field Aﬂ coupled to a charged fermion i

Theory Action in Minkowski space Probability Partition function
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dw,
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1 _ ]
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Example: Euler-Heisenberg theory
« Consider the U(1) gauge field Aﬂ coupled to a charged fermion i

Theory Action in Minkowski space Probability Partition function
: | : M
A Iy=|d*x (—ZF,WF "+ iy, 0F — m)w) P, =e AWz | Z,= | d[A¥]d[w]d[]e A"V
“ 1 Iz n 4 Iz
B I =|d'x (—ZF,WF Wiyt —my —g - e(v‘fy,,tw)A”> Pg=e Wz | Z,= | d[AM)d[y]d[p]e A"V

* Relative entropy:

dw 1 7 oted
8 g € (FMUF'MD)z | g

Q 6vﬂzem4 (Fm%”y)z + @(m_6)> > 0

dim-8 operators

S(Py||Pg)=Wy—W,+ g-

Relative entropy constrains Wilson coefficients of dim-8 operator

= Similar results for SU(N) gauge fields are obtained when dim-8 operators are
generated through the interaction between heavy and light fields.



Example: SMEFT SU(N) gauge bosonic operators

* Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:

S(Py || Pg) = Wy — W, + g - (dW,/dg),-o =

OF = (FiF*)(Fp,F"")
0 = (i, F#)(Fp,F7)
O = (F&,Fb)(Fa Fb+o)
O = (Fo Fom)(Fa Fvo)

6 54 _ dabe dcde( F//Ctlv Fb,//w) ( cho_ Fd,pa)

i % assume the interaction doesn’t involve
( d4x)EL Z o05.> 0 higher-derivative terms
] A4 l I —

l

4 ~ ~ ~ 14 ~
@g — dabe dcde ( F;zy Fb,//w) ( chg Fd,pa) @5 — dabe dcde ( F/jly Fb,,ul/) ( cha Fd,pa)
4 O ~F4 7 9
@5 — Jéce dbde( F;ly Fb,,ul/) ( F,ga Fd,p ) @4F — Joce dbde( F;ly Fb,/u/) ( F;G Fd,p )
5 §4 — ace dbde( F/jly Fb,,uy) ( cho_ Fd,pa)
T¢ : generator of SU(N) Lie algebra

[Ta, Tb] — ifabcTc
654 p— (FﬁyFb,ﬂl/)(FgUFb,Pa) {Ta’ Tb} — 5abi/N+ dabCTC

OF = (F&,F*")(Fb FP+0)



Example: SMEFT SU(N) gauge bosonic operators

* Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:

¥ assume the interaction doesn’t involve

1 higher-derivative t
S(Py||Pg) = W, — W, +g - (@dW,/dg),_, = J(d4x)EF Z .0, > 0 igher-derivative terms

x [ , k :constant vectors
B4 B4 B* B4 ~B4 2 o

e SUQR), : V' +c' 20, ' +cl' 20, 4+ )+ 2@+,

U(1) and SU(2) bounds are the same as positivity bounds from unitarity and causality
[G.N. Remmen, and N.L. Rodd, arXiv:1908.09845]

e SUQ3),: 2ch4 + C3G4 > 0, 3ch4 +- 2(:5G4 > (), 36‘2 + 3cf4 + C6G4 > 0, 364 + 20G4 > (),

43¢S9 + 3¢9 +cHNBe + 3¢ + ¢ > (389" 4+ 385 + &)Y

4(3¢S" +2¢8H3c +2¢8°) > (385" + 289>

SU(3) bounds are stronger than positivity bounds from unitarity and causality
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Example: a single scalar field EFT

» Consider a single scalar field EFT:

1 1 J+1
J@onye [‘5@@2 - Z o (-30) }

j=1

* Relative entropy when higher dimensional operators are generated by interaction b/w and light fields:

S(Py||Pg) = Wy — W, +g-(dW,ldg),_o =

j=1

(0 ), Ca(— (0,9)2/2) 2 0
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Example: a single scalar field EFT

» Consider a single scalar field EFT:

1 1 Jj+1
J ey [‘5@@2 - T (-307) }
j=1
* Relative entropy when higher dimensional operators are generated by interaction b/w heavy and light fields:

S(P411Pg) = Wy = W, + g - (dW,/dg),_g = | (d*0)g D, ¢ = (9,9)*/2) 2 0
J j=1

- up to the second order of (d,¢)*/2: Czj(d4x)E( - 0,412 20 =

- up to the third order of (0,0)°/2: ¢, [ (@*X)p( = (9,)°/2) + ¢5 | (d*X)e( = (9,9)*12) 20 =|c; ;3( (0,4)°12) > 0

Imposing validity of EFT expansion, relative entropy also yields constraints on higher
dimension operators than dim-8, e.g., C3, Cy, **




An application: non-Gaussianity in a single scalar field EFT

 Consider a single scalar field EFT up to dim-12;

1 1 : 1 3
J(d4x)E\/§ —E(aﬂ@z — (‘5(0,,#5)2) — (3 (—5(5,,,@2) —

100007

[ ] * primordial fluctuation described by this EFT yields non-
T 5000} Gaussianity

* Dblue regions are the observationally allowed regions

with statisticsof 1 6, 20, and 3 ¢
5000 | . L . .
i * red region is prohibited by relative entropy, Ii.e., non-

negativity of relative entropy is violated, under the
assumption of validity of EFT expansion

—  -10000}

~15000

~20000" - -
>0 005 010 00 % Note that red region is allowed if EFT expansion is

~ invalid, i.e., higher dimensional operators than
dim-12 are not negligible

: 3 . : :
Speed of sound: ¢, = |1 + 2¢)y(c, + Ec3q§(2))/(l + CQ¢% + ZC3¢3)



Summary

* Relative entropy quantifies differences between theories with and without interaction

 We found that the positive of relative entropy yields a unified understanding of various
phenomena, e.q.,

- Positive magnetic susceptibility in the Ising model

- Positivity bounds on the SMEFT SU(N) gauge bosonic operators

* Relative entropy provides a new approach to constraining EFTs

and the scope of application must be studied in the future



