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Motivation

<+ Conventional QFT

- Correlation functions of local operators

- With straight defect/line operators

<+ Extended Operators: e.g. line operators

- Fundamental probe of the theory:
- ¢.g. order parameter for the confinement/deconfinement transition
- In a CFT, line operators undergoes RG flow

- VEV 1s a conformal invariant functional of the path (shape)



Motivation

< Line bootstrap

- VEV of line/defects is a non-trivial functional of the path (shape)

- Very few known examples of this functional

- Example: N=4 SYM BPS line/2d YM Wilson line: only depend on area

- Example II: Chern-Simons: topological, no shape dependence @
- Example III: Chern-Simons with fund matter ‘ '

- Shape dependence leads to new constraints!



Chern-Simons Matter Theory

% Chern-Simons Theory G = SU(N)

. N
Scg = le A3z eHve tr(AM(‘?VAp _ glAuA,,Ap) ke T3 (SU(N)) = Z
T

@ Topological: Correlators of Wilson loops inv under small deformation

< Chern-Simons matter theory

» Couple to fundamental boson/fermion: non-trivial CFT

Sg* = Scs + [ d*(D,9) Do Sk =Sos+ [ deiy "Dy
- Realisation of a simple non-trivial CFT on the line

Planar Limit: \ = % fixed, k — oc



Observables

<+ Local operator: e¢.g. singlet J, = ¢T<5>”qb , monopole/baryon operators

< Wilson loop
a = =x1

Pe ¢

wele.n) = [pe dHEEED)

\

Framing: point-splitting regulator
<+ Mesonic line operator

anti-fundamental conformal line fundamental
boundary operator\ W ( boundary operator



Bootstrap
<+ Goal:

- Bootstrap the line CFT & compute <./\4>

Based on minimal data{1d CFT, large N factorisation, 2 low laying operators}

o Strategy: Lstraight + v

* Deform the straight line =~ =

Lstraight

+Expandin v/|z1 —x9| => Line effective action S{v(-), ﬂ

UV cutoff length scale
<+ Result:

- Conformal-invariance of the straight line + insertions 1s insufficient

» Conformal-invariance of an arbitrary smooth line = unique solution



Bootstrap
<+ Goal:

- Bootstrap the line CFT & compute <./\4>

Based on minimal data{1d CFT, large N factorisation, 2 low laying operators}

o Strategy: Lstraight + v

* Deform the straight line =~ =

Lstraight

+Expandin v/|z1 —x9| => Line effective action S{v(-), ﬂ

UV cutoff length scale
<+ Remark:

» Strong-weak bosonization duality

» Bootstrap blind to bosonic/fermionic description = so does the results



Bootstrap
<+ Objective

- Bootstrap the line CFT & compute

conformal line
[ some parametrisation

ﬁ of the line z(s) = .

oriented smooth path \ )/V[.Z’(

anti-fundamental j Ak fundamental

boundary operator boundary operator



Bootstrap Axiom I

% Conformal invariance of the line

 Under a conformal transformation x — X the line doesn’t pick any weight
W — W(x) =W(x)

- Straight line preserves an  SL(2,R) x U(1) symmetry
\

- 1D operators are characterized by (A, s)

- Boundary operators picks conformal weight

local lightcone coordinates ™

— | _(ng /n) )" |
(Oa,—s(x1,n1)W[z(-)|OA,s(T0,M0)) x Flz(-)]

| ) ‘ZE() — I ’2A
SL(2,R) primary j
conformal invariant functional

transverse polarization vector




Bootstrap Axiom II

< Large /N factorisation:

» Product of two mesonic operator factories
(¢ e ) = (¢ ) X (¢ )X (1 +O(1/N))
- Adjoint line operators factories as product of two fund operators
Oline = O x O
(o WO ..) = (.. VO) x (OW...) + O(1/N)
- Crossing on the line 1s trivially satisfied: position dependence factories

- Still non-trivial: overall factor 1s meaningful



Bootstrap Axiom III

< Boundary spectrum

Infinite straight-line breaks conformal symmetry to SL(2,R) x U(1)

Quantum number: scaling dimension A and transverse spin §
CPT invariance: (A, 55) = (Ao, —50) .

A e |0,1]
Input: lowest primary spectrum (

s<1/2 (Ao,s)=(A, 1/2-A)

MIn{A} L (s = (2— A.3/2— A)

Notation: {(’)(0)70(1)} and {@(0),5(—1)}

1
k transverse spin @ free boson point A = 5

{¢7 a—|—¢} {¢T78_¢T}



Bootstrap Axiom III

< Implications
Lowest dim adjoint operator on the line:
Obi—scalar = O(O) X 6(0) ) Abi—scalar = 2A

RG flow on the line:
A €1]0,1/2], wunstable

A € [1/2,1], stable

<< <<@P>>>>>P < <<<—

Straight line VEV: similar to 2pt function

A 1)

O O\ (nt /n'+)s
® < ®) —C 0 —10n, A,

< Lstraight > VA4 | |25

Deformed line: list all possible operators, fix coefficients by the axioms

Lstraight + v

Lstraight



First Order Variation

< General non-straight line: evolution equation

Expanding the mesonic line: z(-) — x(:) + v(-) around straight-line

OM = OSWO + sOWO + OWSO .
Expanding the Wilson line:

SV — / ds |i(s)| v (s) P [D ()W) | P —

Displacement operator: A(Dy) =2, s(Dy) = 41 unique

D, =00 x0Y” = —@0— D_ =00 x oY = _oo—

k normalization convention

Chiral operator: perturbatively from EOM  xF gbﬁgﬂ



First Order Variation

<+ Expanding the boundary operator

dv =90/|z|, ddv=749/|%]* —00,|2|/|E|° dim(v) = —1, dim(dv) = 0, dim(ddv) =

00 = v O + dv*(N O + ddv" 6 PO + ..
' )
“path variation” J Higher dim operators:
more and more irrelevant

<+ Example

scheme dependent .
more irrelevant

7

-0 = —5_@)= ——x bo—O +b1€53—O +0(e ))

€
j / . longitudinal path variation
different anomalous dimension




First Order Variation

< Example

scheme dependent .
more irrelevant

7

500 =—(5.0) = 555 (—0 Fhied—O +0(e )

j / . longitudinal path variation
different anomalous dimension

< b, are counter terms: cancel bulk divergence near the boundary

D_ C_1
[+—00—0 = Gy (-O+0)
= bg = i

3 —2A



First Order Variation

<+ Example

scheme dependent .
more irrelevant

7

5O =—5_@)= 3R bo—O +b1€53—O +0(e ))

j / . longitudinal path variation
different anomalous dimension

< Example II: if operator with higher transverse spin exist then

A(Z)

—(04 D) = AD 1( %"’%64(53%) (2))

Bootstrap implies the existence of such an operator and fixes A = A(D) 11



First Order Variation
<+ Regularised 1st order variation:

U

_ L\ 2A
5(0 @) X 7{ ds i —85)4 ( p S) + |positive powers of €]
0.1] k “proper time”  Tgtraight (S) = o + s(x1 — x0)

T(2A — 3)T(n — 2A + 1)

% For v, o< s™, §(O D) x

['(n —2)
6(O @) =0 for translations v, X sV
rotations v, X st
special conformal v, X 5

<+ Consistent, but no constraints, needs 2nd order!

% Boundary conformal and spin weights starts (@ 2nd order



Second Order Variation

< Same strategy, more terms

f scheme dependent \v

52(O O) = [regulated double integral] + [finite boundary terms|
N
14 coeflicients 4 finite single integrall

% Imposing conformal symmetry of O O fixes 9 coefficients
520nf (O O) = [conformal source] + [spin source]

<+ Imposing conformal symmetry of O-\_-O fixes all coefficients



Second Order Variation Result

< Full spectrum has been fixed!

, : . L | 0
Existence of infinitely many primaries ransverse spin at A — -

(AL—A) (i) 1 <0
Lo

An,5) €
(B0,5) CABCA) 4-1,0-1)  I>1

primaries

They are related by transverse path variations, e.g., —(6,.@) = _%

Relative normalisation of 2pt has also been fixed

6(” O Cl

® <€ @ =
< Lstraight > |CIZ‘|2AZ

Cl1 X X...XC¢ and C-|—-1 XC_ | X...XC_-1



Second Order Variation Result
< Deduce the quantum E.O.M
+ Tree-level form —(010) = —%4(5:?0) + O(e)

1
»  Quantum version of tree-level EOM  0,10_¢ = — 5@% ¢

. . . . . -+
- Derivation: consider a constant variation v— = const

(O—0) =vT[(64O0—0 +0—0—0 +0—(1.+ Q)

(1| 1)J —_
= Mg =0

! @ +De | —(0.0) = —#H0) + 0



Second Order Variation Result

% 2pt function of the displacement operator

o< D (9—=<D.(—=0 _ | " ok

Ie < o X2 X1sXto

| = 1%cyg 1 = ! 2—%(2! 1 1)2! ! 2)(2! ! 3)sin(2!)

< All the coefficients 1n the regularized deformed line

1
e.g2. @ 2nd order, the coefficient of the tilt operator E(V; )’ —DD—

<+ We can systematically compute </\—->



Higher Order Variation

7/

<+ CFT 1s now solved

< We can go to higher order

e.g., 3rd order
M =50WO0+350WO +§0Ws0
+ 60 5°WO + 60 5W 50 + 50W 520 + OW 6°0
+O08WO+06WE0 + O05WE0.
Verified 2nd order shape dependence

Solve 3rd order shape dependence



Outlooks

“* Bootstrap the connected correlation functions

Spectrum of single trace local operators

! TN /\__.' + Spectrum of boundary operators

connectec
+ Evolution equation

¢ Solve the path dependence explicitly

(ng/n7)s
[Xo # X1]?

10y 1 s(X1,N1)W[X(8]O: s(Xo,N0)" = $ F[x(3]

* Bootstrap more complicated/general defects?

| general lesson: 1d conformal defect leads to non-trivial constraint

beyond linear order



Thank you!



uv

IR

Chern-Simons Matter Duality

)\b — )\b =0
Critical Fermion @ & i i, @ Free Scalar
Ap =0 Ap=—1

)\/d3x (J(O))2 )\/d3:1: (J(0)>2
RG RG
10 = w4 19 =1 a
Ap = 1—|—)\f,(kb >O)
)\b =1 )\b =0
Free Fermion .‘,. Critical Scalar
SEr = Scs + /dgl‘lg A Dyt Sp° = Scs + /d?’ﬂc (Du9)" - D*¢
N

Planar Limit: \ = T fixed, k — oc



Second Order Variation

<+ Relevant terms:

52 M 9% = [int?] + [int] + [BB] + [B?] + [B?] ,

[BB] =vivg MY | Must exist if non-zero! (3
|BB| = ['yovar vy 63 + 71 (vd dvg + vy dug) 03 + 74 (vg dvg — vy dug ) 63

+ ysdug dvy + 2 (v ddvg + vy ddud) + 45 (v dduy — vy ddvg) ] M0
[BB] = [&ova;&% + 41 (v dvy + vy doy) 83 — A4 (v dvy — vy doy) 3

+ Azdvy dvy + Ao (v ddv] + vy ddey) — 45 (vi7ddv; — v dde]") ] Ml(g,o) ,

intl =2 [ ds dv:ddvs— — dv, ddv)) M (0’0),
10

2

: n|z 1ol — 2 7(0,0 —~1,1 0,0

[th] = (23in(27rA)) 5[(13 Vg Ml(s )( f dt 'Ut+M§t )Mt(O )> - One choice of scheme
(1,0) [0,s]

Bootstrap fixes those coefficients!



