Lecture note

Recall: Last time it has been proved:

To factorize WH = % f d*zelt® (P|J*(z)J”(0)|P),

We use Wy, (w, Q) = 2Im T}, (w, Q) = —iT, (w + i€, Q) + 1T, (w — i€, Q) = Disc (—iT},),
DiscT™ = £ [da~ [ e ' (Pl(x)y (b + d)y"9(0)| P)3((p + 9)?)
p=pnt+tpnttpnt

p=("p,p") ~p" (1,242

DiscTH = / / e "% (Plip(2) D% (0):| P)S((p + 0)?) x tr(Tay™(p + 4)7")

The leading twist requires the large component of 9

b=+ )

leading twist component: ¥, = s ; P

so we need < ‘ ( ) (0)‘P>

LIy = 11( )LZ(’Y,"L)AI 4. %(7070 — 3y )+ %(%(7 + )(’YU _ 73) + %('y“ - 73)(70 +73)) +...=
re AR SR A

DiscT™ = § [da~ [ Gre "= (Pli(a)y $(0) P)3((p+0)*) x ftr(y v“(B+ d)7")
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9 -
T =3pq = ‘Zpl{rqq’ o 7%
(p+9)=0—2p"qg =-2¢"q = p"=—¢g" = p" =zP"

=3 [ [ e OIS+ ) % i+ )

WH = —/dz’ “i#P 2 Plh(z7 )y h(0)|P) x Z%tr(v’v"(ﬁw)v”)

¢ The PDF we derived does not contain the Wilson line we need to keep it gauge invariant.

The next lecture will show: Collinear gluon generate the Wilson line we need.

DIS factorization (1-Loop)
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AV

ka=py+p1+q ki=pr+gq
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Goal: To show that the collinear part of 1-loop diagram generates the Wilson line we need to keep it gauge invariant.

= L [ / dty 7 (P17 () (ig) b (y) A (y)]

a gty [ AR A g . kl k-
— p [ Aty [ e i) (Pl A

Change variable: ks = ps +p1 + ¢, k1 = p2 +¢q

d'pi d'py —iwpy —i n pti btptg
=& [d'zd'y [ (2751)14 (2:)246 P2~ WPL( Po)(z)y* (p2+(1)2+i64(171+112+q 177" (0)|P)

o The imaginary part only comes from the propagator

The imaginary part of a propagator:

1 1 —€
Imp2+ze 2i(p2+ze p2— ze) - hmﬁﬁm @)% +e

Theorem (Delta sequences): Take any nonnegative normalized function f. Define fj (x) = ]"f(]:[:)

lim f; =6
j—oo
Set € % =, 50 Impbm = —7é(p?)
In our case:
1 1 1
(2—|—ze T2 2_-)
P2 +ie  p; —iep; —ie€
1 1 1 1 1 1 1

"(0)[P)

7 1p(0)|P)e ey
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2i 'p? +iepi+ie pl+ieps—ie pl+iepi+ie p? —ieph—ie
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e ) + (raleh)
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¢ One may be confused that we start from a symmetric expression but the final result is not. Check the symmetry property.

Consider the first part:

w— I [ gt d'p, d'py e~ 12 =P P ()P Potpit+d . B
mw = £ [ dtaay [ A2 (Pl (@) + ) AT B (0)| P

2m)4
« Collinear quark pa = p3 (1, A2, \)

¢ Now we consider the momentum of gluon p; is collinear: p; = pi" (1, )\2, )\).

1)
(2)
3)

m)d((p2 + ¢
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« Also the power counting of gluon field in Lorentz gauge gives: A# ~ AT

Reduce (p2 + ﬁ)A%:

(P2 +p1+9)° = (P2 +9)° +p7 +2(p2+ ) -1 = 2¢ P +ie

Bt AP+ 1+ 4) =20 + D)ATG — (2 + )P+ P + DA =202 + §)ATq
So,

(162 + g)A(Plszré;g+ze (ﬁZ + 4) 2(12?;;1;16

)52q>0%2p-q>0%p‘q >0—q >0

_ Q@ _ —2¢'q¢ _ _q°

~— 2Pq  2ptq — P
(p2+9)°=0-2pfq =-2¢"¢ > pf =—q" > p; =P’
6((p2+9)*) =6(2p3¢~ — 22P7q")
Setpy = yP~T

3((p2 + 0)*) = 55757 0(y — @)

(152 + d)A(plfptf;g+ze (ﬁZ + 4) pf}#»ie

dpi dpd . oor s - At (y~
it = 2 [ aeay [ TLEE e P+ 0 HO)IP) 20+ )5 )

e Colorindex ...

At (y7)

+ o+ o B
atmg? = =5 [y [T D e P )+ D O)PI (e + 0) e 2

2 2 2w
WH = 2ImT™ = —§ [ dz~dy” [ L et =P e v 21 (Plgh(27 )y (0)| P)O((p + q)*) AL dtr(yh (s +
Y y")
= —§ [ dzm Gre P [ Ledym e i (PRH@)y w(O)|P)5((p + @)?) T2 4tr (v + vy )
= —4 [dz e =P [ Brdy eV P (PIB()y (0)|P) (e — y) 7= S bt (4 (o + d)y )
PDF part:

f(@) = —g [dze =P [ Blgy-e i pl (Pl(z )yt AWy (0)[P)

py +ie

Integrate p{r

If y~ < 0, close the contour on the upper half plane, no pole.
dpl iy ot . _ . _

[ oe ™ plpr% = g * (—2mi) x 0(y ) = —ib(y )

Firstpart: f(2) = [ dz"e " P (Plgp(27)y* (ig [;~ A* (y)dy~)v(0)|P)
e The second part gives ’Lgf, At (y7)dy)t

Total 1-loop f(z fdz e i mP+<P\1/1(Z )7+(tgf A+(y )dy~)¥(0)|P)

Conclusion: 1-loop collinear gluon gives the 1-loop expression for Wilson line. An all order proof (Collins: Foundation of perturbative QCD)

shows:

f@)= [da e o (PG y e A0 (o))



¢ You can shift the role of py, P2 in Eq.(3). See what you arrived at.

Higher loop
Here is a proof from Collins Foundation of perturbative QCD to show that:

Collinear gluon from inserting n interaction %) A1) generates the expansion of Wilson line at n loop.

Wy = =2 =Y TR,
Claim: Wy = ZJJV:O RyM;Ly y, where:

L _ 7 i
N.J kT, e kg, ek e

_ i
My = FHft .t —m-ie

_ i i
Ry = kj+ie "k ..tk tie

Proof: By induction

Now we want to determine the imaginary part of the sum.

L P i +
If we take the imaginary part of e it gives Im e ™ 3(k).

However, it tells you the gluon is not collinear.

=+ Ky + ... kj)?

So we can only take the imaginary part of [ E S
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Aside: Why we can apply optical theorem to W*” and T'""

Schwinger Dyson equation

We start with the path integral definition of a one-point green function

d*y(— ¢D¢+£m
where we know the on-shell EOM is:

/
D¢ = 85 Lint[¢] = Lins[¢]-
e Prove the EOM. It is nontrivial since you need a generalized Euler-Lagrange equation from this definition

Let’s implement a redefinition of integration variable:

#(z) = 9(z) + <(z).
(B(a)) = [ Do e BRI (),
¢y = 5 [ poe (¢(m) +ela) — i9(e) [ dyew)plo) + ze(y)cmt(y))

where L used Lint[¢ + €] ~ Lint[P] + €L}, [¢'].

So we get an equation:
7 [ P8¢ (o) i6(o) [ a'y )0 +ie) Loul)) =0
Let’s write: 6 fd4y54 :B - )e(y)
7 [ @) [ Doe (e(w) - i6()0,0) + it (w) = 0

Since the equation is valid for any e(w),

/ D e’ (54(z — ) — id(x)T,8(y) + Ly () = 0
O, (8(@)6(w)) = (Chns(6(0)(2)) — i6(y — )

¢ Schwinger-Dyson equation applies to every classic conservation law and gives a quantum conservation equation.

For photon



EOM reads (JA# = JH

0 (Au(2) - Ap(ar) ) = D {Ou(w) ce Ag(ay) o) — 8@ — wk)gup (o)
= (Gu(@) - Jalax) ) + 0L ODp(z, i) (- ),

o If done in Lorentz gauge, discard the index for []

M’\'\M““«,‘

Graphically, the D terms correspond to a non-interacting photon. Since we only care about connected diagrams due to superselection rule, we
have

060 (A (@) - Ap(xa) -+ ) = (u(@) -+ Galzr) )

Amplitudes in DIS

In DIS process, we care about two amplitudes

(v(e,9) pIS|v(€, 9) p) &({v(€,9) PIS|X) ,

which are related by optical theorem.

The LSZ reduction formula for {-y(€, ¢) p|S|y(€, q) p) reads :

-4 4. i 4. - 4, _ipy (s
teapishtean) = [it [ateer [doen [ayem(o,+m).--
X €y (Ju(@)Ja (k) - P(y) - -)
Where we used the Schwinger Dyson Equation for photon.
Since the proof of LSZ reduction formula is done iteratively, it suffices to write

(v(e,q) p|S|v(e,q) p) = @ [ d*z €'" [ d*z1 e e e, (plju(@)du (1) D)
iMS(p+q—p—q) =3 [d'ze® [d'zie e, (pliu(z — 21)5,(0)[p)

Change variables: {1‘, 1‘1} — {:L” = —r, :L'l}
. 4 _ 2 4,1 _igx' 4 C oy
iMF*(0) =1 /d z'e /d 1 €46, (p|ju(2') 5, (0)|p)
Mlyp = vp) =i [ @'’ 6,6, ol ()3 Ol

The result is not new however:

¢ It does not depend on perturbative theory: In perturbative derivation, there is always interchanging between. Free operators and Heisenberg
operators. In this derivation, there is no such ambiguity. Heisenberg operators are used the whole time.

e The derivation for M (’y p—X ) resembles, by Optical theorem:
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2Im M(A — A) = Z/dnx(zw)“é“(m —px)|M(A = X)P.

we know

Wy (w,Q) =2ImT,, (v, Q) = —itT, (w + ie, Q) + 3T, (w — te, Q) = Disc (—iT, ),

Lecture note



