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New physics beyond the SM ?
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Research background

FCC-ee

CEPC

ILC

CLIC

Future Lepton Colliders Clean background
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0.25 MeV

Research background

 Improve theoretical prediction!!!

[FCC,  `19]

[CEPC,  `18]

[ILC,  `13]

 Huge data!

Future Lepton Colliders

0.5 MeV

0.35 MeV

See Z. Qian’s talk

  @ CDF≫ ΔmW (9 MeV)
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State-of-the-art

Well Studied Still Unknown

✤ Perturbative expansion

Research background

✤ Theoretical overview

• LO results: [W. Alles, C. Boyer, A.J. Buras `77, A. Blondel et al. `86, K. Hagiwara et al. `87]

• Radiative corrections : [M. Lemoine `80, R. Philippe `82,  M. Bohm `88, W. Beenakker `91]

• Hard bremsstrahlung : [J. Fleischer, K. Kołodziej `93, W. Beenakker, A. Denner `94]

• LL ISR corrections : [A. Denner `93, W. Beenakker `94, W. Beenakker `96]
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Workflow
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BottleneckOS Renormalization

Phase-space Slicing

Kira, Fire

Canonical DEs

FeynArts

Monte-Carlo

Two cut-off method

See Y. Zhang’s talk

FeynCalc, FormCalc

Calculation setup
See Q. Song’s talk

Key point of this talk
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NLO EW corrections

✤ EW corrections

✤ Virtual corrections

✤ Real photon radiation

✤ Initial-state radiation

Calculation setup

[W. Beenakker, `96]

[B. W. Harris, `02]

On-shell renormalization

Phase space slicing method

Structure functions

[A.Denner `97]
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NNLO QCD EW corrections⊗

✤ Feynman diagrams

✤      corrections to amplitudes
<latexit sha1_base64="c9TjTWnIe03Qjx58urDalnJEpdU=">AAACBHicbVDLSsNAFJ34rPUVddlNsAh1UxIp6rLoxp0V7AOaEG6mk3boZBJmJkIJXbjxV9y4UMStH+HOv3HSZqGtB2Y4nHMv994TJIxKZdvfxsrq2vrGZmmrvL2zu7dvHhx2ZJwKTNo4ZrHoBSAJo5y0FVWM9BJBIAoY6Qbj69zvPhAhaczv1SQhXgRDTkOKQWnJNytuBGqEgWW305oLLBnB/PflqW9W7bo9g7VMnIJUUYGWb365gxinEeEKM5Cy79iJ8jIQimJGpmU3lSQBPIYh6WvKISLSy2ZHTK0TrQysMBb6cWXN1N8dGURSTqJAV+Yry0UvF//z+qkKL72M8iRVhOP5oDBlloqtPBFrQAXBik00ASyo3tXCIxCAlc6trENwFk9eJp2zunNeb9w1qs2rIo4SqqBjVEMOukBNdINaqI0wekTP6BW9GU/Gi/FufMxLV4yi5wj9gfH5A7iUmCY=</latexit>

O(↵↵s)

e⌫eW vertex �/Z self-energy

eeV vertex VWW vertex

2-loop massive triangle FIs

Calculation setup

Most complicated part
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Integral family

✤ Topologies

✤ Propagators

✤ Two-loop triangle integrals

D1 = l2
1 − m2

t , D2 = l2
2 − m2

t , D3 = (l1 − p3)2 − m2
b , D4 = (l2 − p3)2 − m2

b

D5 = (l1 − p3 − p4)2 − m2
t , D6 = (l2 − p3 − p4)2 − m2

t , D7 = (l1 − l2)2 .

On-shell W

Full mass dependence!

10

[JHEP 12 (2024) 038]Integral families of VWW
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Canonical DEs

✤ Differential equations

 factorizationϵ

[J. Henn, `13]✤ Canonical DEs

✤ Dlog-form constant matrix

symbol letters

• Lee”s algorithm
• Leading singularities
• Dlog form
• Intersection theory

• Magnus series [M. Argeri, `14]

[R.N. Lee, `14]

[J. Henn, `13]

[J. Henn, `20]

[Chen, Yang, `20]

• DlogBasis• CANONICA• INITIAL 

• Epsilon, Fuchsia

[C. Dlapa, `20, `22]

[C. Meyer, `16]

[J. Henn, `20]

[Prausa, `17, Gituliar,`17]

• Libra [R.N. Lee, `20]

Integral families of VWW

See Y. Zhang’s talk
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Canonical basis

T1 T2 T3 T4 T5 T6

T7 T8 T9 T10 T11 T12

T13 T14 T15 T16 T17 T18

T19 T20 T21 T22 T23 T24

T25 T26 T27 T28 T29 T30

T31 T32

✤ Canonical DEs

✤ Pre-canonical basis

Integral families of VWW

Magnus series

[M. Argeri, `14]

• Linear-form

• Canonical-form
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General solutionsGeneral solutions

Boundary✤ Path-ordered exponential solution

✤ Order by order

✤ Chen’s iterated integrals

[K. Chen, `77]

K(t) = dA/dt

Integral families of VWW
See Y. Zhang’s talk
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✤ Square roots

✤ Change of variables

✤ Rationalization

Rationalization  

✤ Dimensionless kinematics

Integral families of VWW
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Symbol letters

✤ 20 rational letters
<latexit sha1_base64="hCwp+vYte4AeQOaLK7sPh9RtR6w="></latexit> ⌘1 = x, ⌘2 = y

⌘3 = z, ⌘4 = 1� x

⌘5 = 1 + x, ⌘6 = 1 + y

⌘7 = 1� z, ⌘8 = 1 + z

⌘9 = x+ z, ⌘10 = y + z

⌘11 = 1 + xz, ⌘12 = 1� x+ y

⌘13 = �1 + x+ xy, ⌘14 = 1 + y + z

⌘15 = y + z � xz, ⌘16 = xy + xz � z

⌘17 = xy � (1� x)2, ⌘18 = xy � (1� x)2z

⌘19 = xy2 + (1� x)2z, ⌘20 = xy(1 + z)� (1� x)2z

Integral families of VWW
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Multiple polylogarithms

✤ MPLs

with

[Goncharov, `98,`01]

✤ eMPLs Unrationalizable square root [J. Broedel, `17, `18]

• Scaling relation:
• Shuffle algebra:

Rational letter 

• HPL, HyperInt
• PolyLogTools
• GiNac, HandG, NumPolyLog, 
FastGPL…

• Transcendental weight:

Integral families of VWW



2025.10.1 1Zhe L iNNLO QCD-EW corrections to W-pair production @ colliders e+e− 17

Boundary conditions

✤ Boundary (  )s = m2
W = 0, m2

b = m2
t

|
{z

} |
{z

} 2

⇥
|

{z
} |

{z
} 2

T1,2,3 T4,5,6,7,11,12 T8,9,10,13,14

T15,17,20,23,26,30 T16,18,19 T21,22,24,25,27,28,31 T29,32

✤ Vacuums

✤ Weights

Integral families of VWW
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T1 T2 T3

18

Integral family

✤ Topologies

✤ Propagators

Off-shell W:  p2
1 ≠ p2

2 ≠ p2
3 ≠ m2

W

Full mass dependence!

18

[1,1,0,1,1,1,1] [1,1,1,1,1,1,0] [1,1,1,1,1,0,1]

✤ Dimensionless kinematic variables

[paper on preparing]

5 scales!!!

Integral families of VW*W*
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Canonical basis
I1 I2 I3 I4 I5 I6

I7 I8 I9 I10 I11 I12

I13 I14 I15 I16 I17 I18

I19 I20 I21 I22 I23 I24

I25 I26 I27 I28 I29 I30

I31 I32 I33 I34 I35 I36

I37 I38 I39 I40 I41 I42

I43 I44 I45 I46 I47
10 20 30 40

10

20

30

40

50

100

150

200

250

✤ Four square roots

Complexity of dA( ⃗x)

Integral families of VW*W*

Most complicated sector
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Symbol letters

Even Letter

Odd letter

Integral families of VW*W*
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• One root： 

• Two roots：

21

Rationalization

✤ Parameter transformations

✤ Square roots

Degree 4

✤ Rationalizable square roots

✤ Unrationalizable square roots

3rd residual root

Rational

Relate to elliptic curves

Integral families of VW*W*
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Elliptic multiple polylogarithms

✤ Elliptic curve 

✤ Branches 

✤ Periods

[J. Broedel et al., `17, `18]

with

Riemann torus

genus 1

✤  Geometry

branch points are real, distinct  
ordered as a1 < a2 < a3 < a4
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Elliptic multiple polylogarithms
✤ Rational functions on the elliptic curve [J. Broedel et al., `17, `18]

A rational function on the elliptic curve is a function , 
subject to the constraint 

R(x, y)
y = P(x)

✤ Iterated integrals of rational functions on the curve

✤ Partial fractioning

✤ 4 integration kernels Double pole @ ∞
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Elliptic multiple polylogarithms

✤ eMPLs

✤ Integration kernels
Length (number of integrations):   
 Weight:

k

∑
i

|ni |
 ni ∈ ℤ, ωi ∈ ℂ ∪ {∞}

✤ MPLs
rational simple pole

: Zeros of  ⃗a = (a1, a2, a3, a4) P(ξ)
[J. Broedel et al., `17, `18]

Sufficient  
for our work
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Elliptic multiple polylogarithms

✤ eMPLs

✤ Integration kernel
Length (number of integrations):   
 Weight:

k

∑
i

|ni |
 ni ∈ ℤ, ωi ∈ ℂ ∪ {∞}

✤ MPLs
rational simple pole

: Zeros of  ⃗a = (a1, a2, a3, a4) P(ξ)
[J. Broedel et al., `17, `18]

Sufficient  
for our work

• Example： 
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✤ Simplification with shuffle algebra:

Integral families of VW*W*

shuffle algebra
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Total cross section
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QCD-EW  
corrections

~1%
Suppressed by 

 schemeGμ

Phenomenological results [JHEP 12 (2024) 038]
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Scale dependence
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Scale uncertainties

0.2-0.3%

Phenomenological results

 ∼ 𝒪(α2)
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Scattering angle distributions
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✤ Symmetry relation Strongly peak in the 
forward direction!!!

Phenomenological results
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Summary

✤ Two-loop MIs for NNLO mixed QCD-EW 
corrections to VW*W* vertex (elliptic MPLs)

✤ Two-loop MIs for NNLO mixed QCD-EW 
corrections to VWW vertex  (MPLs)

✤ NNLO mixed QCD-EW corrections to W-pair 
production at lepton colliders (~1%)

Thanks for   your at tent ion 
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Analytic continuation

Euclidean region 
 s < 0 ∧ m2

W < 0
Physical region 
s > 4 m2

W > 0
s + i0+ , m2

W + i0+

✤ Inverse transfrom
m2

t − i0+ , m2
b − i0+

Backup
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Kinematic distributions
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✤ Symmetry relation

Backup


