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Research background R—
W-mass anomaly S New physics beyond the SM ?

COF NI >
CDF _ 80.4335 + 0.0094GeV  _
W ° quuu'es a beﬁer' understand of W physncsﬂl

Shots to prevent cancer show ‘ Visualizing a key step in ‘ Silk-wrapped food wins
early promise p.126 cytokine signaling pp.139& 163 Bl & Science Prize p.146

LEP2 - 80.376 + 0.033
: v2/dof = 49/41

& I] DO = 80.383 + 0.023
AYAAAS

ATLAS = 80.370+ 0.019
LHCb — 80.354 + 0.032
_.80.3692+ O 0133
‘_ e s
| CDF 2022 —m—80.4335 + o.0094'
l . A= v o W——- o i - CIPRE RO R iR e St itk PN i A e S5 M
ATLAS 2024 —s— 80.3665 = 0.0159
CMS 2025  —m— 80.3602 = 0.0099

W L

HEAVYWEIGHT I80|.3I | I80|.35I il I8(;.4I | I80!45I | I8(;.5I

W boson mass measures higher than expected pp.125,136,&170
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Research background
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Research background

Quantity current | ILC250 | ILC-GigaZ FCC-ee CEPC
Aa(mz)~! (x10%) | 17.8* 17.8* 3.8 (1.2) 17.8*

Future Lepton Colliders

L Amwy (MeV) 12 | 0.5 (2.4) 0.25 (0.3) 0.35 (0.3)

Bom = 2 _ | 3 > Amy, (9 MeV) @ CDF
1—m2 /E?) — | e | j
u—) K% -, Z(012GeV): 46,4107 cm?*s™ () 25 MeV *  FCC-ee (Baseline, 21Ps)  —
lE i 0.5 MeV * ILC(Baseline) -
© i . CLIC (Baseline) g
‘?’o 10° = | 0.35 MeV «  cepc (Baseline, 21Ps)
— = §(161 GeV): 5.6 x 10% cm?s” o
= ) { Improve theoretical prediction!!! -
§ B HZ (240 GeV) : 1.7 x 10* cm'2s" .
€ 10} !
3 -Huge data! =

tt (350 GeV) : 38><103“cmzs‘ )
(365 GeV) : 3.1 x 10* cvs™
HZ (250 GeV) : 1.5 x 10* cm@s'®
ILC, "13] 1E -
CEPC, 18] 102 10° |

FCC, "19] 's [GeV]




Research background
M e (p1, A1) + e (2, A2) = W (p3, A3) + W™ (pa, Aa)

¢* Perturbative expansion

il S —— £ Pt st -
| O« O(aa O(a?
O =010 + A(Tleo) + A(TNl\gLOS) + A(7N1\(ILO) + -
. — — A — wt
Well Studied Still Unknown

¢ Theoretical overview
® LO results: [W.Alles, C. Boyer, A.J. Buras 77, A. Blondel et al. "86, K. Hagiwara et al. *87]

® Radiative corrections : [I\. Lemoine ‘80, R. Philippe 82, M. Bohm '88, W. Beenakker "91]

® Hard bremsstrahlung : [ Figischer, K. Kolodziej ‘93, W. Beenakker, A. Denner "94]

® LL ISR corrections:  [A Denner ‘93, W. Beenakker 94, W. Beenakker "96]



Calculation setup
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Calculation setup
NLO EW corrections \

o EW corrections

AO'EW = Ovirtual T Oreal T Oh.o.1SR

o¢* Virtual corrections On-shell renormalization [~ Denner 97]

davirtual ﬂ O(a)
2 (8%
o0 = ei7.a Z Re M} 6 M

.....

*¢* Real photon radiation Phau space slicing method (B. W. Harris, 02
Oreal — 08(58) + UHC(557 50) + UHC(537 50)

¢ Initial-state radiation Structure functions [\ Beenakker, 96

Oh.o.1SR — O1sSR—LL — OLL,sub



Calculation setup
| NNLO QCD®EW corrections \

% O(aa,)corrections to amplitudes
oMO@) = 5 MG 4+ MU + s MEPE) + MO
¢ Feynman diagrams X O(ay) ® O( aas)

— W s "~
ev. W vertex v/Z self-energy
2-loop massive triangle Fls
>\/\/\NV /\A/\/\/{ 3 “N\/\’<
AN AN M
V " oy VWW
.. fe tveffx 4% _Most complicated part venkex F




Integral families of VWW ... ... 0

Integral family

¢» Two-loop triangle integrals

1
- d d
F(@]_,...,Qf?)—/p l]_D ZQD?]_...D’(?){’?

¥ Propagators  Full mass dependcnce'

Dl—lz—. D,=1}-m}?, D;= ll p3 .D4— —m,f

Ds = ll P4) mt2 Dy = (12 — t D; = (l - 12>2 '
l» Topologies On-shell W
. R — —— I

—L %: —L

S=(1,1,1,0,1,1,1), U (1,0,1,1,1,1,1), U (1,1,1,1,1,0,1)f




Integral families of VWW

. - ' N
‘ Canonlcal DEs o MQghUS series [M. Argeri, 14]

: : : ® Lee's algorithm  [R.N. Lee, "14]
% Differential equations

a - oy g
aTI(x, €) — Bi(X, €)I(x9 €)' [ DlOg form [J. Henn, 20]
[

® Leading singularities [J. Henn, "13]

I =T(Z€)g ® |ntersection theory [Chen, Yang, '20]
¢* Canonical DEs:

et

k-“ s WA oy

[J. Henn, "13] ;’“‘ - r
® Epsilgn, Fuchsia [Prausa, 17, Gituliar,"17]

0 ® Libro ‘R.N. Lee, "20]
ox, ——g(x,€) = €A (08X €) |, DlogBasis  [J. Henn, 20}
® CANONICA [C. Meyer, "16]
by L. INITIAL C. Dlapa, 20, 22] y

€ factorization

oge Dlog-form / constant matrix

dg(Z,€) = edA(R)g(Z, ) = € [Z M;dlog m(f)] g(Z, €)
See Y. Zhang'’s talk B symbol letters



Integral families of VWW

Canonical basis \ ¥ Pre-canonical basis
o* Canonical DEs gi 8i 8:@@@

e Linear-form {)b {')CX {DQ {)Q i{: 4{:
dF (X, ¢e) = d[By(X) + € B{(X)| F(%, ), B

o[ X ~EX 0 -
o =< <1 <t <<

Thg T20 Ta1 T2o Tas Toa

t < <1 <& <4 <L

T2s Ta6 Tor Tas T29 Ts0

Magnus series |

[M. Argeri, 14]

® Canonical-form

dg(#,¢) = edA(@)g(@, €)




Integral families of VWW

| General solutions l
l» Path-ordered exponential solution — Boundary
g(Z,e) =776Xp{e/dz4}g(fo,€)

Y

¢ Order by order

() (7) = g'*) (o) n=70
Jg g™ (Zo) )+, dAg"=(z) n>0

¢ Chen’s iterated integrals v:[0,1] 3t — ~(t) € M
K(t) = dA/dt

/dA CdA = /dtlg(tlJ/ dtofK (1)} / th(

n times

[K. Chen, 77]



Integral families of VWW
Rationalization \

ol* Square roots

A= ys(s —dmd), Ay =\/s(s — 4md).

_ 2 2 2\2 2,2
Ag—\/(mw—mt—mb) —4mgm; .

o Dimensionless kinematics

S ma, m%
7']_:——2, 7'22——2, T3:—2

¢ Change of variables (1— )2

-2y
(7-177-277-3)'_)(33)3/7'2): 3 T2_$(1_|_Z)2
2
rs= (14 —2 ll—(l_x)z]
*¢* Rationalization | ( 1+2) zy(1+2)
5\1:(1—33)(14-56)’ 5 C(1-2)2(1-2) 5 C(1-z)2z+ay?

T T z(l+2) ST zy(l+2)




Integral families of VWW
Symbol letters |

20
dI(z,y,z,¢€) =€ [Z Midlogm(fv,y,Z)] I(z,y,2,€),

1=1

o 20 rational letters

m =<, =Y

N3 = 2, n=1—x

ns =1+, ne =1+y
nr=1-—z, ng =14z

My =T+ 2, Mo =Ytz

mi1 =1+ xz, me=1—-x+y
ms = —1+x + zy, me=1+y+=2
Ms =y +2z— Tz, Me = TY + Xz — 2

mr =xy — (1 — 55)27 ms =2y — (1 — f)QZ
9 = $y2 =+ (1 — 93)22’7 T20 = ﬂ7y(1 + Z) — (1 - $)2Z



Integral families of VWW
~ Multiple polylogarithms Rational letter

’z‘ MPLs [Goncharov, 198,01]

Glat,...,an;2) = G(ag,...,an;t)dt,
_ 0 t — al
with s 1 log™ (2)
G(ay;z) = / dt a1 #0, G(0,...,0;z2) = 5
0 t—a N—— n!
n times
4 N p

® Transcendental weight: 7 (G(a1,: -+ ,a,;2)) =n ® HPL, Hyperint |

® PolylLogTools
® Scaling relation: G(ai, -+ ,an;2) = G(Aay, -+, Aap; Az2)

Vi€ C\{0), a, # 0 ° l(\:}iNoi;:, |H|o-mc|G,
St etre Cla 09 - TaGlen || Y
N y W,

o eMPLs () Broedel, 17, 18] Unrationalizable square root

L
By (™ :::Z:;az,a’):/ dt i, (c1,t,@) Eq (72 70 75 11, d)
0



Integral families of VWW
Boundary conditions

% Boundary (s = mj, = 0, m} = m?) 1;(Zp,e) = <

(1, i=1,2,3,
0, i#1,2,3

wvamel (3 ) (O]

Ti23 Ta56,7.11,12 78.9,10,13,14
’x‘ We|g TtS L T15,17,20,23,26,30 T16,18,19 T21,22,24,25,27,28,31 T29,32
GPL Weight

Glai,...;z) | —1, 0, 1,
G(ai,...;y) | -1, 0, —-(1—-2z), (1-2)/z, (1-=z)?*/z,

-1, 0, 1, -z, -y, —(1+y), —-1l/z, —-y/(l-2),
zy/(l—2), zy/(1-2)*, —zy?/(1-=2)*, zy/[(1-12)*-2y]




Integral families of VW*W*

[paper on preparing]

Integral famlly Off-shell W: Pl ;épz ¢p3 %+ mW

< TOPOIOQI;A\ />\ /{\

[1,1,0,1,1,1,1] [1,1,1,1,1,1,0] [1,1,1,1,1,0,1]
** Propagators Full mass dependence!

= (ky — k2)?,  Dy= (k1 +p2)* —Im; Dg = (kg + p2)? 4m?
Dy = ki —fmj Ds = (k1 —p3)®> —\m7; D7 = (k2 — p3)* —\m}}

Dgzkg—mg

o) Dimensionless kinematic variables 5 scalesll
2 2 2
p D p m
w ——12 ) €Tr = ——22 y y = 32 ) 2 = —b

m; m; m; m




Integral families of VW*W*
| Canonical basis l

¢* Four square roots
Ry = Vw(w+4),
Ry=+/(x4+2—-1)2+4zx,
Ry=+/(y+2z—1)2+4y,
Ry=+(w—z—y)?—dzy.

Complexity of dA(X)

D
D PP B b

250
200
150
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50

Most complicated sector

— ] — j—
F\; )>O.QH )yg* P_r >®_:* b\uy%@_
=~ [0'¢] [\ (o)) =
t © w EN| [
S <’
°‘\.4\’\ N
a & 5 i = — $
> =) ~ ) %) B 2
Z)
0496‘/

Is7 S Isg 2 Iz9 2 Lso 2 I 2 Lo
Iys Lya Lss Lse L7




Integral families of VW*W*

Symbol letters |

a1 =w,

— R2
a5'—R17

ag =w(z+1)(y+1) — (z—y)?,
aiz=w[(z+2)(y+2z)—(w+1l)z+z|+(y—z)(x+2)+=z.

13

a7

21

25

28

31

Ry{—w

ag =,

— R2
a6‘—'R27

__ Ro—A7 o(x)

Ri+w’
R4q—(w—x+y)

Ry+(w—x+y) ’
RoR4+A22 21(z,y)

RoR4—Agz 21 (z,y) 0 ¥22 = a21(z < y),

RoR3—Ag2 10

R2R3+A22 10’
R1R4+(A19,18+2wz2)

R1R4—(A19,18+2wz) ’
(y+1D) Ry —[w(y+1)+2(y—=x)]

(y+1)R1+[w(y+1)+2(y—=)] ’
(y+D)Ry—[w(y+1)+(y—1)(z—y)]

(y+1)Rg+[w(y+1)+(y—1)(z—y)] °

@14 = Ro+A7 2(x) ?’

a18 = a17(x <> y),

a3 =vY,
_ p2
a7 = R3 )
a10 = —A19,19,

a1 = aa(x < y),

o — Ri1Ry—A19,10(z,y)
19 = RiR2+A19.10(zy) °

vy — RoR4+[A22 21 (z,y)—2x]
3 = RyR4—[Agz 21 (z,y)—22]

_ (@+1)Ro+A30,2(=2,—%)

(z+1)R2—A30,2(—z,—x) ’
(w+1)Ra+(A19,18—w—z+y)

(w+1)Ry4—(A19,18—w—z+Yy) ’
(w+1)R2—[A19,10(z,y)— A7 2(x)]

~ (w+1)R2+[A19,10(z,y)—A7 2(x)] ’

g = 2
ag ZRi
a11 = a12(x <> y),

Even Letter

e — Ri1R4+Aq9,18
16 — RiR4—A19 18 °

a0 = a19(x < y),
a4 = az3(T <> y),
a7 = ag6(T < Y),
azp = ags(z <> y),

ass = az1(x < y),

Odd letter




Integral families of VW*W*
Rationalization

o’ Parameter transformations
v, : [0,1] — C* pit)=pit, zt)=(E-1t+1, P=Wwz,y2),

o* Square roots

Ri(t) = Vw22 + 4wt, Ro(t) = \/(m—l—z—1)2t2+4xt,
Rs(t) =/ (y+2z—1)2¢2 +4yt, Ru(t) = Ryt Rational
020 Rationalizable square roots f
® Oneroot: t¢= i t= B3 t = Bs . 1
Br+1w’ Ba(x+2z—1)+x’ Bs(y+z—1)+y
(0 — wa)?
t_wal_al—l—cm(a:)”alcm(x)—l—wm] ’ (02 )2
: _ , I : _ o3 —xY
® Two roots o (02 — wy)? t o3 [era(x) o3 +xera(y) ][ er2(y) o3 +ycra(z)]
woy (o2 + cr2(y) | 02072(y)—|—wy] }
’10 Unrationalizable square roots
H, = Vs, Vi [dlogai(p) G(dp, - -, q1;05(p;1))]
e o bi(gs) = ba(o;) /Pj(0;) Yo Tt
Tos W0 = o)+ balon) M Bs(y) [ Py

G(q,,...,q1;0)do;.
v Pj(0;) 7

aj(p;0)
3rd residual reot Degree 4 — %" ' Relate to elliitic curves




Elliptic multiple polylogarithms

% Elliptic curve [J. Broedel et al., *17, *18]

(&) = P(§) = (£ —a1) (€ — a2) (£ — a3) (€ — aa)

** Branches
-1, E<a; or &€>ay
—1, CL1<§<CL2 o ints o ol. disti
VP(E) = VIPE)] x rdorad ot Sre ook fistinet
7, az < § <a
o Periods
4 d 92 d
\111=2K,/ € _ 9k, \I’2=2K,/ ﬁ:zma—x),
as C ai C
with )\ = 1492 K,—l\/a a and aj; = Q; — Q;
— 413 aga ) — 9 13 @24 iy — g 7 .
P!
genus 1 T = T,




Elliptic multiple polylogarithms

¢» Rational functions on the elliptic curve [J. Broedel et al., 17, "18]

A rational function on the elliptic curve is a function R(x,y),
subject to the constraint y =4/P(x)

oy P Pp(X)y _ pi(x) () VP(X) 1 N
Ri6y) = q1(x) + q2(x) y - q1(x) + g2(x) v/ P(x) Ra(x) + v/ P(x) Re(x)

ol Iterated integrals of rational functions on the curve

1
/ dx (Rl(x) e R2(x)> —
¢ Partial fractioning

/ - i!xq)k from Ry(x)
/ dx Xk /y(x iyl from )l/ R2(x)

¥ 4 integration kernels Deuble pole @ oo
/ dx ﬁ ﬂ / dx
(x—c)’ y 1) oy ) yx=q)




Elliptic multiple polylogarithms

[J. Broedel et al., 17, 18]
.x‘ eMPLs a= (ay, ay, a3, a4): Zeros of P&

:
Eq(of o or s ,6)=/ dt Yn, (e, 1) Ba(wp ) w3t @), Eq(5x,8) =1
0

n.€7Z, o eCu/ow) Length (number of integrations): k
: ’ : Weight: Y |7
¥ Integration kernels ,-
- =
0737 —
¥o(0, z) v
_ 1 o Ye
{%(C,iﬂ) —LU—C,} ¢—1(C7x)_y(x_c)7
c x
wl(OO, .’L') p— —4 Z4(.’,E) , ’w_l(oo, 1,') = —,
| : 5 2 Sufficient
-n(00,7) = " Z" V() - Cif for our work
1 n—
wn(cyfﬁ) - 5U—CZL§ 1)($) _6?%2 (1)4($),
€4 (n) Ye (n—1)
nloo,x) = — 2,7 (x), _nlc,x) = Z x),
bnloo,z) = L20@),  vonlen) = Y 20 (a)

o MPLs

{ Es(w, w36 8) = Gwg, ... ,wi5€). } rational simple pole




Elliptic multiple polylogarithms

[J. Broedel et al., 17, 18]
.x‘ eMPLs ¢ a= (ay, ay, a3, a4): Zeros of P&
Eq(of 1 075&,a) =/ dt ¢, (We, t) Ba(wop ) eyt @), Eyg(;x,6) =1
0
n, €7, @;€Cujow) Length (number of integrations): k
] Weight: ) 7|
¥ Integration kernel ,-
- C
%DO(O#B) —
wien) = ] valen) = -
1(C, T —LU—C, _1C,x_y($—0),
C i
Yi(o0,z) = — Zg(z),  P_1(oc0,z) =",
L g ; 1 Sufficient
Y_n(00,T) = " Z (@) — Cif for our work
® Example- ~11 .1 C_1k 11 .1
L —/ —1, - R =/
He = Cy E4( . qi?o-j(pv 1),(1,]-) +Z / E4(q;c q, ... q’170-j(p7 1)7a'j)
k 2,4k
Co — 0"(p 0)
J .1 —
| ! : 4(0 q. . q'l,U;'(Pal)a%{) 9
J




Integral families of VW*W*

o¢» Simplification with shuffle algebra:

G(a;2)G(b;2) = ) ocaup G(c 2)
(@) )
Hsy = [2G(wi6, w37, B3) — G(wi6,wss, B3) + G (w16, w39, B3) + G(wie, wao, B3) — 2G (w16, ws4, B3)
—2G (w16, wse, B3) + 2G (w16, wrg, F3) + 2G (w16, woo, B3) — G(wie, wo2, B3) — G (w16, woa, £3)
+G (wog, w31, B3) — G(wog, w3e, B3) + G(wos, wa1, B3) — G(wos, waz, B3) + G(wos, was, £3)
. +G(w987 w51, 53) - G(w987 w52, 63)1 /8 192 terms y

shuffle | | algebra

™

1 - (G (w6, B3) — G(ws1, B3) + G(wss, B3) — (w41> P3) + G(waz, f3) — G(was, B3) — G(ws1, B3)
+G(ws2, B3)] - |G(wsr, B3) + G(wss, B3) + G(wsg, B3) + G(wao, B3) — 2G (ws4, B3)

—2G(wse, B3) + 2G(wsy, B3) + 2G(woo, 3) — G(woz, B3) — G(wos, B3) — G(wes, B3)
—G(wog, B3)] /8




Phenomenological results UHEP 12 (2024) 038

‘ Total cross section

20

— LO
—— NNLO

a(0) scheme

dpw | 70]
SR
| |
gy
B
o
dQCD-EW

200 400 600 800 1000
V's[GeV]
\/g [GCV] SCheme 010 [pb] ONLO [pb] 6EW [%] ONNLO [pb] 5QCD—EW [%]
corrections
a (0 15.93577 16.3653 2.6952 16.5440 1.1216
240 ) ~1 (y
Gy 17.14888 16.5484 —3.5015 16.5503 0.0113 0
- a(0)  6.673608  7.38135 106051  7.45626 | 1.1225 (Suppressed by
G, 781637 751822 46867  7.51909 | 0.0122 G scheme
J7;




Phenomenological results

| Scale dependence

18.0 7.60
. —— «(0) scheme ] _ —— «(0) scheme
: \/g = 200 GeV —— G, scheme 1 \/E = 500 GeV —— G, scheme
] 7.55 T
= =
Q | 9 7.50
Z z
© 17.8 © -
7.45 ]
021 0.2 -
S S
W ] w ]
0.2 - . . . ; . -0.2 - -
0.5 1 2 0.5 1 2
14/ o 1t/ ko
V5 [GeV] Scheme  o(uo/2) [pb]  o(uo) [pb]  o(2p0) [Pb] | escate [%]|Scale uncertainties
200 a(0) 17.9012 17.8768 17.8572 0.25
G, 17.7823 17.7820 17.7817 0.003 0.2-0.3%
a(0) 7.46526 7.45626 7.44904 0.22
500 ~ O(a 2)
G,,L 7.51920 7.51909 7.51901 0.003
e AR S A




Phenomenological results

| Scattering angle distributions

102 4

401 — 1o . ] — LO

| — o Vs = 200 GeV | xno V8 =500 GeV
30 -
20 -

do/d cos € [pb]
do/d cos 6 [pb]

10 -

Y
(V]

drw (0]
|
:
=
dQep-Ew [70)
duw |%0]
| |
2
o o
N -~
dQen-Ew [/0]

20

—— Jdqcp-Ew |

| L
= .
co

10 - 0 7
| 0.5 0 0.5 1 1 0.5 0 0.5 1
cos 0 cos 6
% Symmetry relation Strongly peak in the
do _ do forward directionl!!
dcosf,,- dcosf,+lo—r—0’




Summary

o¢* Two-loop Mis for NNLO mixed QCD-EW
corrections to VWW vertex (MPLs)

o¢* Two-loop Mis for NNLO mixed QCD-EW
corrections to VW*W* vertex (elliptic MPLSs)

** NNLO mixed QCD-EW corrections to W-pair
production at lepton colliders (~1%)



Backup
Analytic continuation |
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Backup
|Kinematic distributions \

1.094 LO | — LO
] NNLO Vs = 200 GeV 0.08 - v/s =500 GeV NNLO
= 0.8 1 -
q-) .
o
0 0.6 7
& '
g“ ]
= 0.4 ]
-
o} ]
= 0.2 -
— 30 [ ) g — 40 | : e g
= 0 - . 20 - 1
% ? — dpw F . é E ; Sw E- 10 é
=) { — Ydqcp-Bw A 8 ) {1 — dqcp-Ew i 8
-50 - - 1.0 < -80 +—/—m————— 77— (.9 <
0 10 20 30 40 50 0 50 100 150 200
pr [pb] pr [pb]

f* Symmetry relation
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