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FIG. 1. (Color online) The ββ decay of 76Ge. The top part shows
the conversion of two neutrons (blue on the left) into two protons (red
on the right) in two-neutrino double-β (2νββ) decay. The bottom part
shows the 0νββ decay where a virtual neutrino is exchanged.

the two decaying nucleons r , the mass number A, and the
closure energy µ [37]. The radial forms are given explicitly
in Ref. [35]. For the heavy-neutrino exchange, the potential
does not depend on µ. For the light-neutrino matrix element
the closure approximation is good to within 10% [38].

The operators for MGT are given to a good approximation
by f (r)σ1σ2τ

−
1 τ−

2 , where f (r)2ν = 1 (in closure), f (r)0ν =
a/r , and f (r)0N = b δ(r) where the constants a and b depend
on A, µ, and the short-range correlation (SRC). The results
discussed below follow from the expansions of the many-
body matrix elements for these three operators in terms of the
particle-hole (ph) in 76As or particle-particle (pp) intermediate
states in 74Ge [56].

The 2ν tensor NME is zero, and the Fermi NME is zero
since isospin is conserved. For 0ν and 0N the Fermi and tensor
parts are both relatively small, and we define a correction factor
for these given by RGT = M/MGT, where M contains all three
terms of Eq. (2). The CI calculations give R0ν

GT = 1.10(3).
Larger values of 1.23 for QRPA [16] and 1.33 for IBM-2 [39]
were obtained with the older calculations. But more recently,
it was found that the 2ν Fermi matrix element was not zero
because isospin was being treated incorrectly in QRPA [25]
and IBM-2 [41]. After this was corrected the new M2ν

F values
are now zero in all methods. The new results for R0ν

GT are
1.10 [25] and 1.19 [29] for QRPA and 1.04 [41] for IBM-2.
Taking these results into account we adopt a correction factor
from the tensor plus Fermi contributions of R0ν

GT = 1.12(7).
The ratio for the heavy neutrino is 1.20 for CI, 1.26 for
QRPA [29], and 1.00 for IBM-2 [41]. The adopted correction
factor is R0N

GT = 1.13(13).

In the following we first focus on results for MGT. At
the end, the total matrix element M will be obtained from
MGT via a product of correction factors R given by M =
[MGT(CI)][RV ][RS][RGT]. RGT is defined above. We start
with the use of SRCs [55] based on the charge dependent
(CD)-Bonn potential [57]. At the end we will give a value
and error for the correction to this RS , based on a range of
assumptions about the SRCs. RV represents the correction
coming from a “vertical” expansion of the CI model space
that includes the effect of orbitals below and above those in
jj44. RV is the main focus of this paper.

The model space for CI and IBM-2 is jj44 that consists
of the four valence orbitals 0f5/2, 1p3/2, 1p1/2, and 0g9/2 for
protons and neutrons. The model spaces for QRPA are the 21
orbitals with oscillator quanta N ! 5 where N = 2n + ℓ for
protons and neutrons. The QRPA results are also given when
the evaluations of the NME are restricted to jj44 and to fpg
(jj44 plus 0f7/2 and 0g7/2). In addition to our own CI cal-
culations with the JUN45 [58] and jj4bpn [59] Hamiltonians,
we will show results from the gcn28:50 Hamiltonian [60] for
2ν [61], 0ν [33], and 0N [62].

The method and parameters used for the QRPA calcula-
tions1 are similar to those used in Ref. [25]. For the particle-
particle channel in order to restore the isospin symmetry, we
follow the formalism introduced in Refs. [23,25] by separately
fitting the T = 0 and T = 1 parts of the interaction. For the
T = 1 part, gT =1

pp = 0.985 is taken to give M2ν
F = 0. For the

T = 0 particle-particle channel, two parameter sets were used:
(a) gT =0

pp = 0.673 reproduces the experimental value for M2ν
GT,

and (b) gT =0
pp = 0.643 gives a value for M2ν

GT that is a factor of
(1/0.75)2 larger than experiment, anticipating that there may
be MBPT corrections beyond QRPA that could reduce the
strength to low-lying states.

Results for the 2νββ NME are shown in Fig. 2. This NME
is completely determined by J π

ph = 1+ intermediate states in
76As. In CI the summation over the intermediate including
the energy denominator (Eq. (2) in Ref. [61]) is obtained
with the strength-function method [63]. The IBM-2 result is
not shown because it uses an approximation for the NME
based on the closure result for the operator σ1σ2τ

−
1 τ−

2 together
with average closure energies from other methods (Eq. (16)
in Ref. [41]). Experiment is reduced by a factor of about
R2ν

V = 0.45 compared to CI. R2ν
V = M2ν/M2ν(CI) denotes the

correction beyond the jj44 model space due to a vertical
expansion that includes correlations from orbitals below and
above the jj44 model space. The QRPA results for jj44 and

1The single-particle energies are taken from a Woods-Saxon
potential with Coulomb corrections. All of the residual interactions
for QRPA are obtained from solutions of the Bruckner G matrix based
on the CD-Bonn one-boson exchange nucleon-nucleon potential. We
solve the BCS equations with the CD-Bonn pairing interactions
adjusted to give the experimental five-point mass pairing gap. The
renormalization factors are gp

pair = 0.858 and gn
pair = 0.978 for 76Ge

and gp
pair = 0.894 and gn

pair = 1.008 for 76Se. For the renormalization
of the QRPA residual interactions, we use gph = 1.0 for the particle-
hole channel.
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Background
❖ Basics about LR symmetric model:

❖ Basic gauge symmetry 

In order to be consistent with observed phenomena, the symmetry breaking
pattern in our model should satisfy inequalities, vR>>- }2

1+}2
2 >>vL where

vR , }1 , }2 , vL are the VEVs of appropriate fields (see Section I). To avoid fine-
tuning problems with the model parameters it was shown that vL=0 should be
imposed [49, 62]. In what follows we also require vanishing of VEV for the left-
handed neutral triplet field, (2L)0=0. The most general form of the L-R symmetric
Yukawa potential is worked out, however, with one assumption that there is no
hard CP violation in the Higgs sector [49].

In the next section we describe in full detail the model at the tree level. First, the
Lagrangian in the weak basis before diagonalization is discussed. Then the Higgs
potential is described. The fermion and boson mass matrices are diagonalized and
the L-R model Lagrangian in the physical basis and the CP symmetry are con-
sidered. Presented couplings among the physical fields are very convenient in prac-
tical model applications. In Section III the procedure of the L-R model quantiza-
tion is presented. The linear gauge fixing terms are introduced (the 'tHooft gauge).
The Goldstone bosons and the Faddeev!Popov ghosts are defined. Next BRS
transformations for all physical and unphysical fields are introduced and afterwards
the Faddeev!Popov ghost Lagrangian is given. In Section IV the renormalization
procedure is presented. All renormalization constants for the fields, masses, and
mixing parameters are defined. The renormalization of the charged and neutral
current mixing matrices is described. Finally in Section V, to check the consistency
of the procedures the renomalization of the Z1 NiNj vertex is performed. At the
beginning the general scheme and calculations of necessary renormalization con-
stants are presented. Then, the cancellation of the infinite part of the Z1N iNj vertex
is analyzed.

II. MODEL AT THE TREE LEVEL

We write below the full Lagrangian at the tree level which we use in the paper.
First we present the Lagrangian in a weak unphysical base. Then, after mass
matrices diagonalization, the Lagrangian in the physical base is given.

2.1. Structure of the Lagrangian of the Theory

2.1.1. Fermion and Gauge Fields
In the SU(2)L !SU(2)R !U(1)B&L gauge model quarks (Q) and leptons (L)

are placed in doublets [59]

LiL=\&i$
li$ +L

: (2, 1, &1), LiR=\&i$
li$ +R

: (1, 2, &1), (3)

QiL=\ui$
di$+L

: (2, 1, 1✓3), Q iR=\ui$
di$+R

: (1, 2, 1✓3), (4)

340 DUKA, GLUZA, AND ZRA4EK

In order to be consistent with observed phenomena, the symmetry breaking
pattern in our model should satisfy inequalities, vR>>- }2

1+}2
2 >>vL where

vR , }1 , }2 , vL are the VEVs of appropriate fields (see Section I). To avoid fine-
tuning problems with the model parameters it was shown that vL=0 should be
imposed [49, 62]. In what follows we also require vanishing of VEV for the left-
handed neutral triplet field, (2L)0=0. The most general form of the L-R symmetric
Yukawa potential is worked out, however, with one assumption that there is no
hard CP violation in the Higgs sector [49].

In the next section we describe in full detail the model at the tree level. First, the
Lagrangian in the weak basis before diagonalization is discussed. Then the Higgs
potential is described. The fermion and boson mass matrices are diagonalized and
the L-R model Lagrangian in the physical basis and the CP symmetry are con-
sidered. Presented couplings among the physical fields are very convenient in prac-
tical model applications. In Section III the procedure of the L-R model quantiza-
tion is presented. The linear gauge fixing terms are introduced (the 'tHooft gauge).
The Goldstone bosons and the Faddeev!Popov ghosts are defined. Next BRS
transformations for all physical and unphysical fields are introduced and afterwards
the Faddeev!Popov ghost Lagrangian is given. In Section IV the renormalization
procedure is presented. All renormalization constants for the fields, masses, and
mixing parameters are defined. The renormalization of the charged and neutral
current mixing matrices is described. Finally in Section V, to check the consistency
of the procedures the renomalization of the Z1 NiNj vertex is performed. At the
beginning the general scheme and calculations of necessary renormalization con-
stants are presented. Then, the cancellation of the infinite part of the Z1N iNj vertex
is analyzed.

II. MODEL AT THE TREE LEVEL

We write below the full Lagrangian at the tree level which we use in the paper.
First we present the Lagrangian in a weak unphysical base. Then, after mass
matrices diagonalization, the Lagrangian in the physical base is given.

2.1. Structure of the Lagrangian of the Theory

2.1.1. Fermion and Gauge Fields
In the SU(2)L !SU(2)R !U(1)B&L gauge model quarks (Q) and leptons (L)

are placed in doublets [59]

LiL=\&i$
li$ +L

: (2, 1, &1), LiR=\&i$
li$ +R

: (1, 2, &1), (3)

QiL=\ui$
di$+L

: (2, 1, 1✓3), Q iR=\ui$
di$+R

: (1, 2, 1✓3), (4)

340 DUKA, GLUZA, AND ZRA4EK

where i=1, 2, 3 runs over a number of generations. The numbers (dL , dR , Y) in
parentheses characterize the SU(2)L , SU(2)R , and U(1)B&L representation. dL, R

denote dimensions of the SU(2)L and SU(2)R representation, Y=B&L. The quantum
numbers for the U(1)B&L gauge group are connected with charges of the particles
by Eq. (2). The fermion fields (Eqs. (3) and (4)) have the following gauge transfor-
mations (9L, R=(Q, L)L, R)

9$L=[e&ig$(Y!2) 3(x)e&igL({!2) 3(x)] 9L ,
(5)

9$R=[e&ig$(Y!2) 3(x)e&igR({!2) 3(x)] 9R .

Gauge invariance is achieved when 7 gauge fields (WL, R)+ , B+ are introduced.
Then, appropriate covariant derivatives for the 9L, R fields are

D+9L=\!+&igL
{
2

WL+&ig$
Y
2

B++ 9L ,

(6)

D+9R=\!+&igR
{
2

WR+&ig$
Y
2

B++ 9R ,

with the following gauge fields transformations

\{2 WL, R+$+=e&igL , R({!2) 3L , R(x) \{2 WL, R++
e igL , R({!2) 3L , R(x)

&
1

igL, R
e&igL , R({!2) 3L , R(x)!+(eigL , R({!2) 3L , R(x)), (7)

B$+=B+&
1
ig

e&ig$(Y!2) 3(x)!+(eig$(Y!2) 3(x)). (8)

We start with the three different couplings gL , gR , and g$. Transformations
defined in Eqs. (5)"(8) allow us to consistently build up two kinds of invariant
interactions. The first one gives the fermion-gauge interaction

Lf= :
9=(Q), (L)

9⌫ L#+ \i!++ gL
{
2

WL++ g$
Y
2

B++ 9L+(L!R). (9)

The second gives the gauge-gauge interaction

Lg=&1
4 W +&

Li WLi+&& 1
4W +&

Ri WRi+&& 1
4 B+&B+& , (10)
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where

W +&
1L, R=!+W &

1L, R&!&W +
1L, R+ gL, R(W +

2L, R W &
3L, R&W +

3L, RW &
2L, R),

W +&
2L, R=!+W &

2L, R&!&W +
2L, R+ gL, R(W +

3L, R W &
1L, R&W +

1L, RW &
3L, R),

W +&
3L, R=!+W &

3L, R&!&W +
3L, R+ gL, R(W +

1L, R W &
2L, R&W +

2L, RW &
1L, R),

B+&=!+B&&!&B+. (11)

Until now fermion and gauge fields are massless""mass terms which could
appear are not gauge invariant. To make them massive we have to introduce scalar
fields""Higgs particles""and apply the spontaneous symmetry breaking mechanism.

2.1.2. Higgs Sector of the Theory

In order to produce fermion mass matrices we need to introduce only one Higgs
multiplet""the so-called bidoublet [56] (again, as in the fermion case, in
parentheses quantum numbers (dL , dR , B&L) are given)

,=\ ,0
1

,&
1

,+
2

,0
2 + : (2, 2, 0), (12)

with gauge transformation

,$=e&igL({!2) 3(x) , eigR({!2) 3(x). (13)

Consequently the most general Yukawa Lagrangian is given by

LY=&:
i, j

L⌫ iL((h l) ij ,+(h⇡ l) ij ,⇡ ) LjR&� i, jQ⌫ iL((hq) ij ,+(h⇡ q) ij ,⇡ ) QjR+h.c., (15)

where

,⇡ ={2,*{2=\ ,0
2*

&,&
1

&,+
2

,0
1* + (15)

is also the object with quantum numbers (2, 2, 0). However, the bidoublet , is not
sufficient for breaking SU(2)L !SU(2)R !U(1)B&L to the U(1)em , the only sym-
metry which remains. There are many other possible ways to break the symmetry
[64]. Among them the most popular ones are models with Higgs triplets (2L t
(3, 1, 2), 2R t(1, 3, 2)) in addition to the bidoublet [56]

2L, R=\$
+
L, R ✓- 2
$ 0

L, R

$++
L, R

&$+
L, R✓- 2+ . (16)
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Background

❖ Below EWSB energy scale: heavy gauge bosons acquire mass; fermions 
acquire mass, especially neutrino is Majorana

❖ Basic building blocks for double beta decay:

❖ The current-current interactions

❖ The neutrino propagator

2

This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:

✓
WL

WR

◆
=

✓
cos ⇣ sin ⇣
� sin ⇣ cos ⇣

◆✓
W1

W2

◆
(1)

WL and WR are the gauge eigenstates while W1 and W2

are the mass eigenstates respectively. The masses for W1

and W2 Bosons are M1 and M2 respectively. And ⇣ is
the mixing angle between the mass and weak eigenstates
of weak bosons.

The interaction of the lepton and nucleon currents with
W Bosons can be written as [30, 39]:

LCC =
g

2
p
2
[(jµL + Jµ

L)W
�
Lµ + (jµR + Jµ

R)W
�
Rµ] + h.c.(2)

The lepton currents have the form [30]:

jµL(R) = ēL(R)�
µ⌫eL(R) (3)

The Yukawa coupling of the neutrinos with the triplet
Higgs Boson leads to the mixing between the left- and
the right-handed neutrinos, but the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [40, 41] is still with
unknown origin:

⌫eL =
3X

j=1

(Uej⌫j + VeiN
C
j )

⌫eR =
3X

j=1

(S⇤
ej⌫

C
j + T ⇤

ejNj) (4)

Here ⌫j and Nj are the mass eigenstates of the light and
the heavy neutrinos respectively. And U, S, T and V
constitute a generalized 6⇥6 PMNS matrix [42].

The nucleon currents can be obtained by the Lorentz
invariance with the impulse approximation [39, 43]:

Jµ
L(R)(~x) = p̄(~x)(gV �

µ � igW�µ⌫q⌫

⌥gA�
µ�5 ± gP �5q

µ)n(~x)

The form factors gV , gA, gP and gW have the form given
in [30], and when reduced to the non-relativistic form,
we have weak magnetism coupling constant gM (q2) =
gV (q2) + gW (q2).
By integrating out the heavy gauge boson, we obtain

the current-current interactions for these weak interac-
tions as:

Hint =
G cos ✓Cp

2
(jLµJ

µ†
L + jLµJ

µ†
R + ⌘jRµJ

µ†
L

+�jRµJ
µ†
R ) + h.c. (5)

Here the parameters �, ⌘ and  are combinations of pa-
rameters of the LR-symmetric model:

Gp
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8M2
1

(cos2 ⇣ + (M1/M2)
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⌘ =  = � (1� (M1/M2)2) tan ⇣

1 + (M1/M2)2 tan2 ⇣
⇡ � tan ⇣ (6)

If � has the same order as ⌘, then the tan2 ⇣ term in
� can be safely neglected, on the other hand if the first
and second term in the r.h.s. of � have a similar size
(MW1/MW2 ⇠ tan ⇣), then the contribution from � to
0⌫��-decay can be safely neglected.
To better understand how the nuclear part and the

lepton part contribute to the reaction matrix R (the def-
inition see Appendix C of [39]), we rewrite the decay
width in [30, 44] in the form:
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1/2]
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��Cmm + µ��h�i cos 1Cm�

+ µ��h⌘i cos 2Cm⌘ + h�i2C��
+ h⌘i2C⌘⌘ + h�ih⌘i cos( 1 �  2)C�⌘ (7)

The new physics parameters directly related to the
decay are µ�� = m��/me (m�� = |Pj U

2
ejmj |

is the e↵ective neutrino mass defined in the lit-
erature [43]), h�i = |�Pj UejVej | and h⌘i =
|⌘Pj UejVej |, the two phase angles have the form
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This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:
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µ⌫eL(R) (3)

The Yukawa coupling of the neutrinos with the triplet
Higgs Boson leads to the mixing between the left- and
the right-handed neutrinos, but the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [40, 41] is still with
unknown origin:

⌫eL =
3X

j=1

(Uej⌫j + VeiN
C
j )

⌫eR =
3X

j=1

(S⇤
ej⌫

C
j + T ⇤

ejNj) (4)

Here ⌫j and Nj are the mass eigenstates of the light and
the heavy neutrinos respectively. And U, S, T and V
constitute a generalized 6⇥6 PMNS matrix [42].

The nucleon currents can be obtained by the Lorentz
invariance with the impulse approximation [39, 43]:

Jµ
L(R)(~x) = p̄(~x)(gV �

µ � igW�µ⌫q⌫

⌥gA�
µ�5 ± gP �5q

µ)n(~x)

The form factors gV , gA, gP and gW have the form given
in [30], and when reduced to the non-relativistic form,
we have weak magnetism coupling constant gM (q2) =
gV (q2) + gW (q2).
By integrating out the heavy gauge boson, we obtain

the current-current interactions for these weak interac-
tions as:

Hint =
G cos ✓Cp

2
(jLµJ

µ†
L + jLµJ

µ†
R + ⌘jRµJ

µ†
L

+�jRµJ
µ†
R ) + h.c. (5)

Here the parameters �, ⌘ and  are combinations of pa-
rameters of the LR-symmetric model:

Gp
2
=

g2

8M2
1

(cos2 ⇣ + (M1/M2)
2 sin2 ⇣) ⇡ g2

8M2
1

� =
(M1/M2)2 + tan2 ⇣

1 + (M1/M2)2 tan2 ⇣
⇡ (M1/M2)

2 + tan2 ⇣

⌘ =  = � (1� (M1/M2)2) tan ⇣

1 + (M1/M2)2 tan2 ⇣
⇡ � tan ⇣ (6)

If � has the same order as ⌘, then the tan2 ⇣ term in
� can be safely neglected, on the other hand if the first
and second term in the r.h.s. of � have a similar size
(MW1/MW2 ⇠ tan ⇣), then the contribution from � to
0⌫��-decay can be safely neglected.
To better understand how the nuclear part and the

lepton part contribute to the reaction matrix R (the def-
inition see Appendix C of [39]), we rewrite the decay
width in [30, 44] in the form:

[T 0⌫
1/2]

�1 = µ2
��Cmm + µ��h�i cos 1Cm�

+ µ��h⌘i cos 2Cm⌘ + h�i2C��
+ h⌘i2C⌘⌘ + h�ih⌘i cos( 1 �  2)C�⌘ (7)

The new physics parameters directly related to the
decay are µ�� = m��/me (m�� = |Pj U

2
ejmj |

is the e↵ective neutrino mass defined in the lit-
erature [43]), h�i = |�Pj UejVej | and h⌘i =
|⌘Pj UejVej |, the two phase angles have the form

 1 = arg[(
P

j mjU2
ej)(

P
j UejT ⇤

ej(gV /g
0
V ))

⇤] and  2 =

arg[(
P

j mjU2
ej)(

P
j UejT ⇤

ej)
⇤]. By assuming gV = g0V ,

we have  1 ⇡  2.
The coe�cients C’s have the forms [44]:

Cmm = G01|M0⌫
m |2

Cm� = �G03M
0⌫
m M0⌫

!� + G04M
0⌫
m M0⌫

q+

Cm⌘ = G03M
0⌫
m M0⌫

!+ � G04M
0⌫
m M0⌫

q� � G05M
0⌫
m M0⌫

P

+ G06M
0⌫
m M0⌫

R

C�� = G02|M0⌫
!�|2 + G011|M0⌫

q+|2
C⌘⌘ = G02|M0⌫

!+|2 + G011|M0⌫
q�|2 + G08|M0⌫

P |2
+ G09|M0⌫

R |2 � G07M
0⌫
P M0⌫

R

C�⌘ = �2G02M
0⌫
!�M

0⌫
!+ � G010(M

0⌫
q+M

0⌫
!+ +M0⌫

q�M
0⌫
!�)

� 2G011M
0⌫
q+M

0⌫
q� (8)

2

This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:

✓
WL

WR

◆
=

✓
cos ⇣ sin ⇣
� sin ⇣ cos ⇣

◆✓
W1

W2

◆
(1)

WL and WR are the gauge eigenstates while W1 and W2

are the mass eigenstates respectively. The masses for W1

and W2 Bosons are M1 and M2 respectively. And ⇣ is
the mixing angle between the mass and weak eigenstates
of weak bosons.

The interaction of the lepton and nucleon currents with
W Bosons can be written as [30, 39]:

LCC =
g

2
p
2
[(jµL + Jµ

L)W
�
Lµ + (jµR + Jµ

R)W
�
Rµ] + h.c.(2)

The lepton currents have the form [30]:

jµL(R) = ēL(R)�
µ⌫eL(R) (3)

The Yukawa coupling of the neutrinos with the triplet
Higgs Boson leads to the mixing between the left- and
the right-handed neutrinos, but the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [40, 41] is still with
unknown origin:

⌫eL =
3X

j=1

(Uej⌫j + VeiN
C
j )

⌫eR =
3X

j=1

(S⇤
ej⌫

C
j + T ⇤

ejNj) (4)

Here ⌫j and Nj are the mass eigenstates of the light and
the heavy neutrinos respectively. And U, S, T and V
constitute a generalized 6⇥6 PMNS matrix [42].

The nucleon currents can be obtained by the Lorentz
invariance with the impulse approximation [39, 43]:

Jµ
L(R)(~x) = p̄(~x)(gV �

µ � igW�µ⌫q⌫

⌥gA�
µ�5 ± gP �5q

µ)n(~x)

The form factors gV , gA, gP and gW have the form given
in [30], and when reduced to the non-relativistic form,
we have weak magnetism coupling constant gM (q2) =
gV (q2) + gW (q2).
By integrating out the heavy gauge boson, we obtain

the current-current interactions for these weak interac-
tions as:

Hint =
G cos ✓Cp

2
(jLµJ

µ†
L + jLµJ

µ†
R + ⌘jRµJ

µ†
L

+�jRµJ
µ†
R ) + h.c. (5)

Here the parameters �, ⌘ and  are combinations of pa-
rameters of the LR-symmetric model:

Gp
2
=

g2

8M2
1

(cos2 ⇣ + (M1/M2)
2 sin2 ⇣) ⇡ g2

8M2
1

� =
(M1/M2)2 + tan2 ⇣

1 + (M1/M2)2 tan2 ⇣
⇡ (M1/M2)

2 + tan2 ⇣

⌘ =  = � (1� (M1/M2)2) tan ⇣

1 + (M1/M2)2 tan2 ⇣
⇡ � tan ⇣ (6)

If � has the same order as ⌘, then the tan2 ⇣ term in
� can be safely neglected, on the other hand if the first
and second term in the r.h.s. of � have a similar size
(MW1/MW2 ⇠ tan ⇣), then the contribution from � to
0⌫��-decay can be safely neglected.
To better understand how the nuclear part and the

lepton part contribute to the reaction matrix R (the def-
inition see Appendix C of [39]), we rewrite the decay
width in [30, 44] in the form:

[T 0⌫
1/2]

�1 = µ2
��Cmm + µ��h�i cos 1Cm�

+ µ��h⌘i cos 2Cm⌘ + h�i2C��
+ h⌘i2C⌘⌘ + h�ih⌘i cos( 1 �  2)C�⌘ (7)

The new physics parameters directly related to the
decay are µ�� = m��/me (m�� = |Pj U

2
ejmj |

is the e↵ective neutrino mass defined in the lit-
erature [43]), h�i = |�Pj UejVej | and h⌘i =
|⌘Pj UejVej |, the two phase angles have the form

 1 = arg[(
P

j mjU2
ej)(

P
j UejT ⇤

ej(gV /g
0
V ))

⇤] and  2 =

arg[(
P

j mjU2
ej)(

P
j UejT ⇤

ej)
⇤]. By assuming gV = g0V ,

we have  1 ⇡  2.
The coe�cients C’s have the forms [44]:

Cmm = G01|M0⌫
m |2

Cm� = �G03M
0⌫
m M0⌫

!� + G04M
0⌫
m M0⌫

q+

Cm⌘ = G03M
0⌫
m M0⌫

!+ � G04M
0⌫
m M0⌫

q� � G05M
0⌫
m M0⌫

P

+ G06M
0⌫
m M0⌫

R

C�� = G02|M0⌫
!�|2 + G011|M0⌫

q+|2
C⌘⌘ = G02|M0⌫

!+|2 + G011|M0⌫
q�|2 + G08|M0⌫

P |2
+ G09|M0⌫

R |2 � G07M
0⌫
P M0⌫

R

C�⌘ = �2G02M
0⌫
!�M

0⌫
!+ � G010(M

0⌫
q+M

0⌫
!+ +M0⌫

q�M
0⌫
!�)

� 2G011M
0⌫
q+M

0⌫
q� (8)

2

This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:

✓
WL

WR

◆
=

✓
cos ⇣ sin ⇣
� sin ⇣ cos ⇣

◆✓
W1

W2

◆
(1)

WL and WR are the gauge eigenstates while W1 and W2

are the mass eigenstates respectively. The masses for W1

and W2 Bosons are M1 and M2 respectively. And ⇣ is
the mixing angle between the mass and weak eigenstates
of weak bosons.

The interaction of the lepton and nucleon currents with
W Bosons can be written as [30, 39]:

LCC =
g

2
p
2
[(jµL + Jµ

L)W
�
Lµ + (jµR + Jµ

R)W
�
Rµ] + h.c.(2)

The lepton currents have the form [30]:

jµL(R) = ēL(R)�
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⟨T(N(x)N̄(y)⟩ = iSF(x − y)
⟨T(N(x)NT(y)⟩ = iSF(x − y)CT

. . .SF(x − y) = ∫
d4q

(2π)4

(γμqμ + mν)e−iq(x−y)

q2 − m2
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❖ Below EWSB energy scale: heavy gauge bosons acquire mass; fermions 
acquire mass, especially neutrino is Majorana

❖ Basic building blocks for double beta decay:

❖ The current-current interactions

❖ The neutrino propagator
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This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:
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� can be safely neglected, on the other hand if the first
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This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.
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as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
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as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].
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⟨T(N(x)N̄(y)⟩ = iSF(x − y)
⟨T(N(x)NT(y)⟩ = iSF(x − y)CT

. . .SF(x − y) = ∫
d4q

(2π)4

(γμqμ + mν)e−iq(x−y)

q2 − m2

Doi et al. PTPS83,1(1985)



Background

❖ Below EWSB energy scale: heavy gauge bosons acquire mass; fermions 
acquire mass, especially neutrino is Majorana

❖ Basic building blocks for double beta decay:

❖ The current-current interactions

❖ The neutrino propagator
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give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:
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of weak bosons.
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This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:
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are the mass eigenstates respectively. The masses for W1

and W2 Bosons are M1 and M2 respectively. And ⇣ is
the mixing angle between the mass and weak eigenstates
of weak bosons.
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W Bosons can be written as [30, 39]:
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Rµ] + h.c.(2)
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The Yukawa coupling of the neutrinos with the triplet
Higgs Boson leads to the mixing between the left- and
the right-handed neutrinos, but the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [40, 41] is still with
unknown origin:
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Here ⌫j and Nj are the mass eigenstates of the light and
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The nucleon currents can be obtained by the Lorentz
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in [30], and when reduced to the non-relativistic form,
we have weak magnetism coupling constant gM (q2) =
gV (q2) + gW (q2).
By integrating out the heavy gauge boson, we obtain
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is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
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besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
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⟨T(N(x)N̄(y)⟩ = iSF(x − y)
⟨T(N(x)NT(y)⟩ = iSF(x − y)CT

. . .SF(x − y) = ∫
d4q

(2π)4

(γμqμ + mν)e−iq(x−y)

q2 − m2

Doi et al. PTPS83,1(1985)
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Background
❖ Light neutrino mass mechanism

❖ Given that

❖ From the current-current interactions

❖ We obtain the NME
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❖ q term:

❖ P term:

η

q0(JL0JL0 + JLiJLi)

ϵijkqiJLjJLk

Mω+ = MωF + MωGT+ + MωT+

MR = MRGT + MRT

qiri(JL0JL0 + JLiJLi)
−qirjJLiJLj

ϵijkqir+jJLkJL0

Mq− = − MqF + MqGT− + MqT−

MP

𝒪(ϵχ)

𝒪(ϵ2
χ )

𝒪(ϵχ)

𝒪(ϵχ)

𝒪(ϵ2
χ )

𝒪(ϵ0
χ )

𝒪(ϵ2
χ )

𝒪(ϵ1
χ )

P-wave effects
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Background

❖ Final expression for neutrinoless 
double beta decay

❖ Here     ’s are the complex angles

2

This article is arranged as follows, first the mechanism
and related expression for the decay width, and then we
give the NME results and some analysis of relative im-
portance of each term, finally we give a brief discussion
on how current results could be used to constrain the new
physics parameters.

II. 0⌫�� UNDER LR SYMMETRIC MODEL

Starting from the basic LR symmetric model SU(2)L⌦
SU(2)R⌦U(1)B�L, one has extra gauge bosons WR, ZR,
the triplet and the bi-doublet Higgs bosons � and HR,
as well as right handed neutrinos ⌫R. In such a model,
besides the electro-weak breaking energy scale vL, there
is another symmetry breaking energy scale vR which de-
termines the general mass of right-handed gauge bosons.
The Yukawa coupling between the neutrinos and Higgs
bosons gives rise to the neutrino mass, and the see-saw
mechanism can be naturally realized [6].

In such a model, the weak and the mass eigenstates
of the gauge bosons are di↵erent, this then leads to the
mixing between the left- and right-handed gauge bosons:

✓
WL

WR

◆
=

✓
cos ⇣ sin ⇣
� sin ⇣ cos ⇣

◆✓
W1

W2

◆
(1)

WL and WR are the gauge eigenstates while W1 and W2

are the mass eigenstates respectively. The masses for W1

and W2 Bosons are M1 and M2 respectively. And ⇣ is
the mixing angle between the mass and weak eigenstates
of weak bosons.

The interaction of the lepton and nucleon currents with
W Bosons can be written as [30, 39]:

LCC =
g

2
p
2
[(jµL + Jµ

L)W
�
Lµ + (jµR + Jµ

R)W
�
Rµ] + h.c.(2)

The lepton currents have the form [30]:

jµL(R) = ēL(R)�
µ⌫eL(R) (3)

The Yukawa coupling of the neutrinos with the triplet
Higgs Boson leads to the mixing between the left- and
the right-handed neutrinos, but the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [40, 41] is still with
unknown origin:

⌫eL =
3X

j=1

(Uej⌫j + VeiN
C
j )

⌫eR =
3X

j=1

(S⇤
ej⌫

C
j + T ⇤

ejNj) (4)

Here ⌫j and Nj are the mass eigenstates of the light and
the heavy neutrinos respectively. And U, S, T and V
constitute a generalized 6⇥6 PMNS matrix [42].

The nucleon currents can be obtained by the Lorentz
invariance with the impulse approximation [39, 43]:

Jµ
L(R)(~x) = p̄(~x)(gV �

µ � igW�µ⌫q⌫

⌥gA�
µ�5 ± gP �5q

µ)n(~x)

The form factors gV , gA, gP and gW have the form given
in [30], and when reduced to the non-relativistic form,
we have weak magnetism coupling constant gM (q2) =
gV (q2) + gW (q2).

By integrating out the heavy gauge boson, we obtain
the current-current interactions for these weak interac-
tions as:

Hint =
G cos ✓Cp

2
(jLµJ

µ†
L + jLµJ

µ†
R + ⌘jRµJ

µ†
L

+�jRµJ
µ†
R ) + h.c. (5)

Here the parameters �, ⌘ and  are combinations of pa-
rameters of the LR-symmetric model:

Gp
2
=

g2

8M2
1

(cos2 ⇣ + (M1/M2)
2 sin2 ⇣) ⇡ g2

8M2
1

� =
(M1/M2)2 + tan2 ⇣

1 + (M1/M2)2 tan2 ⇣
⇡ (M1/M2)

2 + tan2 ⇣

⌘ =  = � (1� (M1/M2)2) tan ⇣

1 + (M1/M2)2 tan2 ⇣
⇡ � tan ⇣ (6)

If � has the same order as ⌘, then the tan2 ⇣ term in
� can be safely neglected, on the other hand if the first
and second term in the r.h.s. of � have a similar size
(MW1/MW2 ⇠ tan ⇣), then the contribution from � to
0⌫��-decay can be safely neglected.

To better understand how the nuclear part and the
lepton part contribute to the reaction matrix R (the def-
inition see Appendix C of [39]), we rewrite the decay
width in [30, 44] in the form:

[T 0⌫
1/2]

�1 = µ2
��Cmm + µ��h�i cos 1Cm�

+ µ��h⌘i cos 2Cm⌘ + h�i2C��
+ h⌘i2C⌘⌘ + h�ih⌘i cos( 1 �  2)C�⌘

(7)

The new physics parameters directly related to the
decay are µ�� = m��/me (m�� = |Pj U

2
ejmj |

is the e↵ective neutrino mass defined in the lit-
erature [43]), h�i = |�Pj UejVej | and h⌘i =
|⌘Pj UejVej |, the two phase angles have the form

 1 = arg[(
P

j mjU2
ej)(

P
j UejT ⇤

ej(gV /g
0
V ))

⇤] and  2 =

arg[(
P

j mjU2
ej)(

P
j UejT ⇤

ej)
⇤]. By assuming gV = g0V ,

we have  1 ⇡  2.
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ψ

0νββ

ββ

most probably come from the so-called neutrino see-saw
mechanism;  they  are  usually  embedded  in  much  more
complicated new physics models. One such model, which
could naturally  incorporate  this  mechanism,  is  an  exten-
sion  to  the  standard  model,  the  Left-Right  symmetric
model (LRSM).  Within  the  framework  of  LRSM,   be-
sides the usual neutrino mass mechanism, there are more
underlying mechanisms for  -decay from the q part of
the neutrino propagator besides the mass part. The q term
of the neutrino propagator generally induces the η mech-
anism  associated  with  the  mixing  of  left-  and  right-
handed gauge bosons and the λ mechanism related to the
mass ratio of these two bosons. However, there is also the
so-called  "Master  Formula"  [21]  derived  from  effective
field theory (EFT) calculations, which claims that with a
"complete  non-redundant  operator  basis"  consisting  of
nine  independent  long-range  NMEs  and  six  independent
short-range NMEs, everything in  -decay can be calcu-
lated,  including  diagrams  analogous  to λ  and η mechan-
isms  [22].  Therefore,  with  these  rapid  developments  of
EFT studies,  current  calculations,  as  well  as  those   con-
cerning  λ  and  η  mechanisms  mentioned  later  [23−30],
which  do  not  follow  the  "Master  Formula",  become
meaningless and superfluous.

Despite these controversies, we focus our attention on
the  study  of  these  NMEs.  For  these  extra  NMEs  of
LRSM,  there  have  been  fewer  studies  and  inadequate
nuclear many-body calculations compared to those of the
mass mechanism. The existing limited calculations adopt
different  many-body  approaches,  including  LSSM  [23],
QRPA [24−26], and projected Hartree-Fock Bogolyubov
(PHFB) [27].  More recently,  several  new calculations of
NMEs relevant to LRSM have been conducted. These in-
clude evaluations of  the NMEs associated with the mass
and λ mechanisms, using LSSM [28, 29] and QRPA [30]
approaches,  which incorporate higher-order nucleon cur-
rents based on the improved formalism from Ref. [31]. It
was found  that  including  pseudoscalar  contributions   en-
hances  qGT  matrix  elements  significantly  in  Ref.  [28,
29]. Additionally, the competition of contributions in the
decay rate between the mass and λ mechanisms was also
discussed in the QRPA calculations [30] based on relev-
ant  calculated  NMEs.  The  MM  components  in  the  q
terms  have  often  been  considered  suppressed  and  hence
neglected in previous calculations. However, recent work
using the LSSM approach [32] has shown that these MM
components  are  essential  for  the  calculations  of  relevant
LRSM NMEs. Till now, such QRPA calculations that in-
corporate  these  MM  components  in  LRSM  NMEs  are
still absent.

Generally speaking, we still lack a thorough investig-
ation of the LRSM NMEs from various calculations, and
the  calculations  for  these  NMEs  are  far  from  abundant.
Therefore,  in  this  work,  we  calculate  the  NMEs  for  the
LRSM using  the  pn-QRPA approach,  employing a  large

model  space  and  realistic  NN  interactions,  for  all  the
mechanisms mediated by light neutrinos, the mass, η, and
λ mechanisms.

This article is  structured as follows: we begin with a
brief  introduction  to  the  underlying  formalism  of  the
LRSM and the formalism of the QRPA method. Next, we
present  the  results  of  the  NMEs  and  discuss  the  various
contributions  of  these  terms.  Furthermore,  we  will  also
examine the influence of different SRC parametrizations.
Finally, we draw our conclusions. 

II.  FORMALISM

0νββ
Ignoring  the  contribution  from  heavy  neutrinos,  the
 half-life  for  the  LR symmetric  model  with λ and η

mechanisms can be written as [31−33]: 

[T 0ν
1/2]−1 =

ß
Cmm

Å |mββ|
me

ã2

+Cλλ⟨λ⟩2+Cηη ⟨η⟩2

+Cmλ
|mββ|
me
⟨λ⟩cosψ1+Cmη

|mββ|
me
⟨η⟩cosψ2

+Cλη ⟨λ⟩ ⟨η⟩cos(ψ1−ψ2)
™
. (1)

mββ =
∑

j U2
e jmj

⟨λ⟩ ⟨η⟩
⟨λ⟩ = |λ∑ j Ue jT ∗e j(g′V/gV )| ⟨η⟩ = |η∑ j Ue jT ∗e j|

ψ1=arg
[(∑

j m jU2
e j

)(∑
j Ue jT ∗e j(g′V/gV )

)∗]

ψ2 = arg
[(∑

j m jU2
e j

)(∑
j Ue jT ∗e j

)∗]

gV ≈ g′V ψ1 ≈ ψ2

Here,   is the effective neutrino mass. Para-
meters  such  as    and    are  given  in  Ref.  [31]:

 and  . The two
phase angles are 
and  . U  and T  are  the
constituents of a generalized 6×6 Pontecorvo-Maki-Nak-
agawa-Sakata  (PMNS)  matrix  [34]. It  is  typically   as-
sumed that  , leading to  .

C′

G01,02,03 = G01,02,03 G04,05,06,10 = G04,05,06,010/(meR)
G07,08,09,11 = G07,08,09,011/(meR)2

The  explicit  forms  of  coefficients  s,  which  are
combinations  of  nuclear  matrix  elements  (NMEs)  and
phase-space  factors  (PSFs),  can  also  be  found  in  Ref.
[32], with  ,  ,
and  : 

Cmm =G01M2
m

Cmλ = −G03MmMω−+G04MmMq+

Cmη =G03MmMω+−G04MmMq− −G05MmMP

+G06MmMR

Cλλ =G02M2
ω−+G011M2

q+ +G010Mω−Mq+

Cηη =G02M2
ω+ +G011M2

q−+G010Mω+Mq−

+G08M2
P+G09M2

R−G07MPMR

Cλη = −2G02Mω−Mω+−2G011Mq+Mq−

−G010
(

Mω−Mq−+Mω+Mq+
)
, (2)

Mm Mω Mq MR MPwith  ,  ,  ,  , and   explicitly included, these
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Formalism
❖ We use two kind of many-body methods in our calculations (The closure vs. 

non closure)

❖ Shell model with configuration interactions (NuShellX@MSU):

❖ QRPA with realistic forces:

❖ The latter has a large computational burden

MI = ∑
p1p2n1n2

⟨ f | | [[c†
p1

c†
p2

]J1
⊗ [cñ2

cñ1
]J2

]J | | i⟩⟨p1p2J1 | |𝒪J(Ẽm) | |n1n2J2⟩

MI = ∑
p1p2n1n2

∑
m

CJ𝒥⟨ f | | [c†
p1

cñ1
]J1

| |m⟩⟨m | | [cp2
cñ1

]J2
| | i⟩⟨p1p2𝒥1 | |𝒪J(Em) | |n1n2𝒥2⟩



Formalism

❖ The operators     can be written in the form follows:

❖ With the radial part

❖ And angular part 

❖ A complete list of the operators see 

𝒪I

𝒪I = hI(r, r+)𝒜I

hI(r, r+) = f2
src(r)

2R
π ∫ fI(q, r, r+)

qdq
q + Ãm

𝒜I

DLF et al. PRC110,045502(2024); ibid.107,015501(2023) 



Results

❖ Results for light neutrino mass mechanism are abundant

J.M. Yao, J. Meng, Y.F. Niu et al. Progress in Particle and Nuclear Physics 126 (2022) 103965

Fig. 26. The distribution of C0v(r12) as a function of the relative coordinate r12 corresponding to the transition from spherical Ca48 to different
configuration of Ti48 by the chiral interaction EM1.8/2.0 distinguished with different values of quadrupole deformation parameter �2(a) and different
values of neutron–proton isoscalar pairing amplitude �F of Ti48 . See Ref. [145] for details. Figure reprinted with permission from the American
Physical Society.

Fig. 27. The NMEs of 0⌫�� decays in light nuclei (gray area, no experimental interest) and candidate nuclei from various model calculations using
the same transition operator derived from the standard mechanism. The three curves of ↵A1/3 with ↵ = 0.1, 0.3 and 0.5, respectively, are added as
guidelines.

Table 2

The NMEs M0⌫ of the candidate 0⌫�� decays from various phenomenological model calculation using the unquenched value of gA .
Models REDF NREDF QRPA(G) QRPA(SkM*) TPSM PHFB ISM IBM2 [Min, Max]
REF [119] [106] [132] [130] [128] [142] [115] [137]
48Ca !48Ti 2.94 2.37 – – – – 0.85 2.38 [0.85, 2.94]
76Ge !76Se 6.13 4.60 3.12 5.09 3.17 – 2.81 6.16 [2.81, 6.16]
82Se !82Kr 5.40 4.22 2.86 – 2.59 – 2.64 4.99 [2.59, 5.40]
96Zr !96Mo 6.47 5.65 – – – 2.86(26) – 3.00 [2.86, 6.47]
100Mo !100Ru 6.58 5.08 – – 3.92 6.25(64) – 4.50 [3.92, 6.58]
116Cd !116Sn 5.52 4.72 – – – – – 3.29 [3.29, 5.52]
124Sn !124Te 4.33 4.81 – – – – 2.62 4.02 [2.62, 4.81]
130Te !130Xe 4.98 5.13 2.90 1.37 2.92 4.05(50) 2.65 4.61 [1.37, 5.13]
136Xe !136Ba 4.32 4.20 1.11 1.55 – 2.19 3.79 [1.11, 4.32]
150Nd !150Sm 5.60 1.71 3.01 2.71 3.29 2.83(43) – 2.88 [1.71, 5.60]

starting from realistic nuclear forces are tabulated in Table 3. The results from spherical QRPA [131], GCM based on shell-
model Hamiltonian [210], EFT [428] based on the correlation from the shell-model calculation [429] are not included

60
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Table 2

The NMEs M0⌫ of the candidate 0⌫�� decays from various phenomenological model calculation using the unquenched value of gA .
Models REDF NREDF QRPA(G) QRPA(SkM*) TPSM PHFB ISM IBM2 [Min, Max]
REF [119] [106] [132] [130] [128] [142] [115] [137]
48Ca !48Ti 2.94 2.37 – – – – 0.85 2.38 [0.85, 2.94]
76Ge !76Se 6.13 4.60 3.12 5.09 3.17 – 2.81 6.16 [2.81, 6.16]
82Se !82Kr 5.40 4.22 2.86 – 2.59 – 2.64 4.99 [2.59, 5.40]
96Zr !96Mo 6.47 5.65 – – – 2.86(26) – 3.00 [2.86, 6.47]
100Mo !100Ru 6.58 5.08 – – 3.92 6.25(64) – 4.50 [3.92, 6.58]
116Cd !116Sn 5.52 4.72 – – – – – 3.29 [3.29, 5.52]
124Sn !124Te 4.33 4.81 – – – – 2.62 4.02 [2.62, 4.81]
130Te !130Xe 4.98 5.13 2.90 1.37 2.92 4.05(50) 2.65 4.61 [1.37, 5.13]
136Xe !136Ba 4.32 4.20 1.11 1.55 – 2.19 3.79 [1.11, 4.32]
150Nd !150Sm 5.60 1.71 3.01 2.71 3.29 2.83(43) – 2.88 [1.71, 5.60]

starting from realistic nuclear forces are tabulated in Table 3. The results from spherical QRPA [131], GCM based on shell-
model Hamiltonian [210], EFT [428] based on the correlation from the shell-model calculation [429] are not included
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reduced transition operators, where M̃0ν is defined as

M̃0ν(βI ,βF ) = NFNI ⟨βF |Ô
0ν P̂ J=0P̂NI P̂ZI |βI⟩, (6)

with N−2
a = ⟨βa|P̂ J=0

00 P̂NaP̂Za |βa⟩ for a = I, F . It
is seen that the error arisen from the first-order non-
relativistic reduction is marginal, which can either in-
crease or decrease the total NME by a factor within 2%.
This value is modified only slightly in the full GCM cal-
culation, for instance becoming ∼ 5% for 150Nd [37]. The
one-body charge-changing nucleon current, Eq. (4), gen-
erates not only the Fermi and Gamow-Teller (GT) terms
but also tensor terms that have been neglected in the non-
relativistic study [34]. With the help of non-relativistic
approximation of the transition operator, one can isolate
the contribution of the tensor part [26, 37], which is ob-
tained by subtracting the contributions of Fermi and GT
terms from the total NME. It is shown in Table I that
the contribution of tensor terms is within 5% of the total
NME.

FIG. 4: (Color online) Normalized NME M̃0ν as a function
of the intrinsic deformation parameter β of the initial AZ and
final A(Z + 2) nuclei.

Figure 4 displays the normalized NME M̃0ν as a func-
tion of the intrinsic quadrupole deformation βI and βF
of the mother and daughter nuclei, respectively. Simi-
lar to the behavior of the GT part shown in the MR-
DFT (D1S) calculation [34], the normalized NME M̃0ν

is concentrated rather symmetrically along the diagonal
line βI = βF , implying that the decay between nuclei
with different deformation is strongly hindered. More-
over, the M̃0ν has the largest value at the spherical con-
figuration for most candidate nuclei except for 48Ca-Ti,
96Zr-Mo, and 136Xe-Ba. It implies that generally the
0νββ-decay is favored if both nuclei are spherical. The
largest M̃0ν in 136Xe-Ba is found around the deformation

FIG. 5: (Color online) (a) Decomposition of the total NMEs
from the final GCM+PNAMP (PC-PK1) calculation; (b)
the total NMEs calculated with either only spherical config-
uration or full configurations, in comparison with those of
GCM+PNAMP (D1S) from Ref. [34]. The shaded area indi-
cates the uncertainty of the SRC effect within 10%. See text
for more details.

region with βI = βF ≃ 0.5, at which deformed configura-
tion, pairing energy is peaked in both nuclei due to the
very high single-particle level density. However, this con-
figuration (β ≃ 0.5) has a negligible contribution to the
final NME of 136Xe-Ba because its weight is almost zero
in the ground-state wave function, cf. Fig. 3.

Figure 5(a) displays the contribution of each cou-
pling term (AA, V V, PP,MM,AP ) in Eq.(4) to the to-
tal NMEs. It is shown that the weak-magnetism (MM)
term is negligible (∼ 4%). The interference term (AP )
of the axial-vector and pseudoscalar coupling has an op-
posite contribution (∼ 30%), which almost cancels out
the sum of V V , PP , and MM terms. Of particular
interest is that the total NME has a very similar be-
havior as that of the predominated AA term with the
ratio RAA ≃ 95%. Actually, we have found that the
deformation-dependent NMEs shown in Fig. 4 are also
very similar even if we include only the AA term. It in-
dicates that the AA term provides a good approximation
for the total NME, Eq.(3). In the non-relativistic approx-
imation, the two-current operator with only the axial-
vector coupling term is simplified as J †

L,µ(x1)J
µ†
L (x2) =

−g2A(q
2)σ(1) · σ(2)τ (1)− τ (2)− , the calculation of which is

much cheaper than computing the full terms, cf. (4).
Similar conclusion can also be made based on the re-
sults of QRPA calculation [26] using the non-relativistic

Yao et al. PPNP126,103965(2022)
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guidelines.

Table 2

The NMEs M0⌫ of the candidate 0⌫�� decays from various phenomenological model calculation using the unquenched value of gA .
Models REDF NREDF QRPA(G) QRPA(SkM*) TPSM PHFB ISM IBM2 [Min, Max]
REF [119] [106] [132] [130] [128] [142] [115] [137]
48Ca !48Ti 2.94 2.37 – – – – 0.85 2.38 [0.85, 2.94]
76Ge !76Se 6.13 4.60 3.12 5.09 3.17 – 2.81 6.16 [2.81, 6.16]
82Se !82Kr 5.40 4.22 2.86 – 2.59 – 2.64 4.99 [2.59, 5.40]
96Zr !96Mo 6.47 5.65 – – – 2.86(26) – 3.00 [2.86, 6.47]
100Mo !100Ru 6.58 5.08 – – 3.92 6.25(64) – 4.50 [3.92, 6.58]
116Cd !116Sn 5.52 4.72 – – – – – 3.29 [3.29, 5.52]
124Sn !124Te 4.33 4.81 – – – – 2.62 4.02 [2.62, 4.81]
130Te !130Xe 4.98 5.13 2.90 1.37 2.92 4.05(50) 2.65 4.61 [1.37, 5.13]
136Xe !136Ba 4.32 4.20 1.11 1.55 – 2.19 3.79 [1.11, 4.32]
150Nd !150Sm 5.60 1.71 3.01 2.71 3.29 2.83(43) – 2.88 [1.71, 5.60]

starting from realistic nuclear forces are tabulated in Table 3. The results from spherical QRPA [131], GCM based on shell-
model Hamiltonian [210], EFT [428] based on the correlation from the shell-model calculation [429] are not included
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reduced transition operators, where M̃0ν is defined as

M̃0ν(βI ,βF ) = NFNI ⟨βF |Ô
0ν P̂ J=0P̂NI P̂ZI |βI⟩, (6)

with N−2
a = ⟨βa|P̂ J=0

00 P̂NaP̂Za |βa⟩ for a = I, F . It
is seen that the error arisen from the first-order non-
relativistic reduction is marginal, which can either in-
crease or decrease the total NME by a factor within 2%.
This value is modified only slightly in the full GCM cal-
culation, for instance becoming ∼ 5% for 150Nd [37]. The
one-body charge-changing nucleon current, Eq. (4), gen-
erates not only the Fermi and Gamow-Teller (GT) terms
but also tensor terms that have been neglected in the non-
relativistic study [34]. With the help of non-relativistic
approximation of the transition operator, one can isolate
the contribution of the tensor part [26, 37], which is ob-
tained by subtracting the contributions of Fermi and GT
terms from the total NME. It is shown in Table I that
the contribution of tensor terms is within 5% of the total
NME.

FIG. 4: (Color online) Normalized NME M̃0ν as a function
of the intrinsic deformation parameter β of the initial AZ and
final A(Z + 2) nuclei.

Figure 4 displays the normalized NME M̃0ν as a func-
tion of the intrinsic quadrupole deformation βI and βF
of the mother and daughter nuclei, respectively. Simi-
lar to the behavior of the GT part shown in the MR-
DFT (D1S) calculation [34], the normalized NME M̃0ν

is concentrated rather symmetrically along the diagonal
line βI = βF , implying that the decay between nuclei
with different deformation is strongly hindered. More-
over, the M̃0ν has the largest value at the spherical con-
figuration for most candidate nuclei except for 48Ca-Ti,
96Zr-Mo, and 136Xe-Ba. It implies that generally the
0νββ-decay is favored if both nuclei are spherical. The
largest M̃0ν in 136Xe-Ba is found around the deformation

FIG. 5: (Color online) (a) Decomposition of the total NMEs
from the final GCM+PNAMP (PC-PK1) calculation; (b)
the total NMEs calculated with either only spherical config-
uration or full configurations, in comparison with those of
GCM+PNAMP (D1S) from Ref. [34]. The shaded area indi-
cates the uncertainty of the SRC effect within 10%. See text
for more details.

region with βI = βF ≃ 0.5, at which deformed configura-
tion, pairing energy is peaked in both nuclei due to the
very high single-particle level density. However, this con-
figuration (β ≃ 0.5) has a negligible contribution to the
final NME of 136Xe-Ba because its weight is almost zero
in the ground-state wave function, cf. Fig. 3.

Figure 5(a) displays the contribution of each cou-
pling term (AA, V V, PP,MM,AP ) in Eq.(4) to the to-
tal NMEs. It is shown that the weak-magnetism (MM)
term is negligible (∼ 4%). The interference term (AP )
of the axial-vector and pseudoscalar coupling has an op-
posite contribution (∼ 30%), which almost cancels out
the sum of V V , PP , and MM terms. Of particular
interest is that the total NME has a very similar be-
havior as that of the predominated AA term with the
ratio RAA ≃ 95%. Actually, we have found that the
deformation-dependent NMEs shown in Fig. 4 are also
very similar even if we include only the AA term. It in-
dicates that the AA term provides a good approximation
for the total NME, Eq.(3). In the non-relativistic approx-
imation, the two-current operator with only the axial-
vector coupling term is simplified as J †

L,µ(x1)J
µ†
L (x2) =

−g2A(q
2)σ(1) · σ(2)τ (1)− τ (2)− , the calculation of which is

much cheaper than computing the full terms, cf. (4).
Similar conclusion can also be made based on the re-
sults of QRPA calculation [26] using the non-relativistic
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FIG. 2. (Color online) Dependence of the GCM (solid) and
QRPA (dashed) 0νββ matrix elements on the strength gT =0 of the
isoscalar pairing interaction. The red (upper) and blue (lower) lines
of each type correspond to the interaction parameters extracted from
SkO′ and SkM*. The divergence in the QRPA near gT =0/ḡT =1 = 1.5
is discussed in the text.

To clarify this last statement, we show the GCM and QRPA
matrix elements as functions of gT =0/ḡT =1 in Fig. 2. The
QRPA curves lie slightly above their GCM counterparts until
gT =0/ḡT =1 reaches a critical value slightly larger than 1.5;
at that point a mean-field phase transition from an isovector
pair condensate to an isoscalar condensate causes the famous
QRPA “collapse.” The collapse is spurious, as the GCM results
show. Its presence in mean-field theory makes the QRPA
unreliable near the critical point. It is actually a bit of a
coincidence that the QRPA matrix elements in the table are
as close as they are to those of the GCM; a small change in
gT =0 would alter them substantially (though because it also
alters B(GT+) a lot, fitting to B(GT+) = 0.62 rather than
1.0 does not have a huge effect on the 0νββ matrix element).
The GCM result is not only better behaved near the critical
point but also, we believe, quite accurate. In the SO(8) model
used to test many-body methods in ββ decay many times,
the GCM result is nearly exact for all gT =0. That is not the
case for extensions of the QRPA that attempt to ameliorate
its shortcomings [32,33], though some of those work better
around the phase transition than others.

To show why the GCM behaves well, we dis-
play in the bottom right part of Fig. 3 the quantity
NφI

NφF
⟨φF |PF M̂0νPI |φI ⟩, where |φI ⟩ is a quasiparticle vac-

uum in 76Ge constrained to have isoscalar pairing amplitude
φI , φF is an analogous state in 76Se, PI , PF project onto states
with angular momentum zero and the appropriate values of
Z and N , and NφI

,NφF
normalize the projected states. This

quantity is the contribution to the 0νββ matrix element from
states with particular values of the initial and final isoscalar
pairing amplitudes. The contribution is positive around zero
condensation in the two nuclei and negative when the final
pairing amplitude is large. Thus the GCM states must contain
components with significant pn pairing when gT =0 is near its
fit value. The appearance of this plot is different from those
in which the matrix element is plotted versus initial and final
deformation [6–8]. Here the matrix element is small or negative
even if the initial and final pairing amplitudes have the same
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FIG. 3. (Color online) Bottom right: NφI
NφF

⟨φF |PF M̂0ν

PI |φI ⟩ for projected quasiparticle vacua with different values of the
initial and final isoscalar pairing amplitudes φI and φF , from the
SkO′-based interaction (see text). Top and bottom left: Square of
collective wave functions in 76Ge and 76Se.

value, as long as that value is large. The behavior reflects the
qualitatively different effects of isovector and isoscalar pairs
on the matrix element [3], effects that have no analog in the
realm of deformation.

The weight function f in the GCM ansatz multiplies
nonorthogonal states and so is not really a “collective ground-
state wave function.” The object that does play that role is a
member of an orthogonalized set defined, e.g., in Refs. [4]
and [7]. The top and left parts of Fig. 3 show the square of
this collective wave function for 76Ge and 76Se, with gT =0

set both to zero and the fit value. It is clear in both nuclei,
but particularly in 76Se, that the isoscalar pairing interaction
pushes the wave function into regions of large φ, where
the matrix element in the bottom right panel is significantly
reduced. It is also clear that for gT =0 ̸= 0 the collective wave
functions are far from the Gaussians that one would obtain in
the harmonic (QRPA) approximation. Isoscalar pairing really
is, and must be treated as, a large-amplitude mode.

We turn finally to the more realistic calculation that includes
both deformation and the pn pairing amplitude as generator
coordinates. We fit the couplings in H just as described earlier;
the strength of the quadrupole interaction no longer vanishes
and some of the other parameters change slightly: gT =1

0 = 0.90
for the interaction based on SkO′ and 0.79 for that based on
SkM*, and gT =0 = 1.75 for SkO′ and 1.51 for SkM*, in units
of ḡT =1. The calculated B(GT+) in both cases is larger than the
experimental data with or without quenching, which therefore
does not affect the value of gT =0.

First we analyze the influence of the number and
angular-momentum projection on energy. The bottom part
of Fig. 1 shows the projected potential energy surfaces
⟨β,φ|PHP |β,φ⟩ for two values of φ, along with the
unprojected surface from the top part of the panel. Projecting
at φ = 0 without including pn interactions, the figure shows,
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❖ ω term has basically the same results as mass term, the minor revision comes 
from the energy denominator
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255

DLF et al. PRC110,045502(2024), Huang et al. arXiv:2506.13289
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TABLE II. The 0⌫��-decay NMEs of the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we present the results for
all NMEs defined by Eq.(B4). For each nucleus, we present the results under QRPA [] with realistic forces and shell model []
with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

MF �1.314 �0.665 �0.602 �1.181 �0.624 �0.523 �1.155 �0.668 �0.702 �0.345 �0.574 �0.568

MAA
GT 5.139 3.584 3.278 4.387 3.360 2.860 3.988 3.147 3.180 1.493 2.648 2.549

MAP
GT �1.961 �1.090 �0.960 �1.708 �1.021 �0.834 �1.681 �0.979 �1.034 �0.597 �0.820 �0.829

MPP
GT 0.671 0.344 0.300 0.586 0.321 0.261 0.594 0.313 0.335 0.207 0.260 0.268

MMM
GT 0.513 0.247 0.215 0.445 0.229 0.188 0.454 0.227 0.244 0.155 0.188 0.194

total 4.362 3.085 2.833 3.710 2.889 2.475 3.355 2.708 2.725 1.258 2.276 2.182

MAP
T �0.809 �0.013 �0.004 �0.749 �0.014 �0.012 �0.965 0.008 0.015 �0.294 0.002 0.014

MPP
T 0.296 0.002 �0.001 0.272 0.003 0.003 0.342 �0.006 �0.007 0.103 �0.003 �0.006

MMM
T �0.075 �0.001 0.000 �0.069 �0.001 �0.002 �0.083 0.003 0.003 �0.025 0.001 0.002

total �0.588 �0.012 �0.005 �0.546 �0.012 �0.011 �0.706 0.005 0.011 �0.216 0.000 0.010

FIG. 2. Experimental constraints on the upper limits of the unknown dimensionless parameters m��/me and C0s. The ordinate
in the figure represents the absolute values of various parameters (abscissa), with the red shaded area representing results from
QRPA. Additionally, for 76Ge and 82Se, the green filled areas represent results from the jun45 shell model. For 130Te and 136Xe,
the green filled areas represent results from the jj55a shell model. Furthermore, the region filled with lines from the bottom
left to the top right indicates results from Refs. [3, 11], while the region filled with lines from the top left to the bottom right
indicates our results. In the shell model results, parameters jj44b and GCN50:82 are introduced as uncertainties.
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model, and for 136Xe isotope, where the QRPA results
are about 20.4% to 53.1% smaller than those of the shell
model.

For the R term in the h⌘i mechanism, the main contri-
bution is significantly elevated due to phase space factors.
In the h⌘i mechanism, both the ! term and the q term
can be ignored compared to the R term. Therefore, the
R term plays a decisive role in the h⌘i mechanism. For
the RT term, the results given by the shell model can still
be disregarded. However, for the RG term, the overall
results from QRPA are approximately 53.6% to 97.1%
larger than those from the shell model, except for the

case of 136Xe isotope, where the QRPA results are about
33% smaller than those of the shell model.

For the last term, the P term, although it comes from
the contributions of two LO hadronic vector currents and
axial-vector currents, it is still relatively small compared
to the contributions from the mass mechanism. From
the Table III, we can see that for the isotopes 76Ge and
82Se, the results given by the first set of parameters in
the shell model (jun45) are close to those from QRPA.
For the isotopes 130Te and 136Xe, the results given by the
second set of parameters in the shell model (GCN50:82)
are relatively close to those from QRPA.
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080
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MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
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total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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The left- and right-handed leptonic currents are 

j~=e?U(1--75) V~L, j~ = e?"(1 +75) V'~R (2) 

and the current electron neutrinos are superpositions 
of mass-eigenstate Majorana neutrinos N~ with the 
mass mj,  

YeL=- E UejNjL , VteR= E V~sN~R. (3) 
J J 

Hadronic currents, which are expressed in terms of 
quarks similarly to (2), are converted into the currents 
of nucleons 9 The nuclear currents are, in the non- 
relativistic impulse approximation, 

(JLO/~(X),J+L/R(X)) 
A 

= ~ t-.(gv-T-gAC., T - g a a . + g v D . ) 3 ( x - r . )  (4) 
n=l 

with the nucleon recoil terms 

c.  = [(p. + p'.).. .  
- (gv/gA)(E. -- E'.)(p. - p')" a.]/(2 M), (5 a) 

D .  = [(p,, + p') - i #p a .  x ( p . -  p;) ] / (2  M )  (5 b) 

where (E., p.) and (El,, p'.) are the initial and final four- 
momenta of the n-th nucleon, respectively, and M 
the nucleon mass. We take the values of the coupling 
constants, G =  1.16637 x 10 -5 MeV -2, gv=0.9737, 
ga/gv=l.254 and #~=4.706 [121. The scalar recoil 
term C. does not contribute under the assumption 
that finite de Broglie wave length corrections of elec- 
trons are neglected. Terms proportional to x will be 
neglected, since it always appears in the combination 
1 ___ s: and 1~:1 ~ 1 is expected. 

The inverse half-life of the 0 v tiff decay, O~ + ~ 0] ,  
can be written as 

[Tl~ 2 + C.~x (J~) 2 

+ c , ~ . - -  <~> + c . , ~ - -  <~> 
me me 

+ C,z (t /)  (2 )  (6) 

where effective values of the neutrino mass and cou- 
pling strengths of the right-handed currents are 

( m ~ ) = ~ . m j U  2, 
J 

(7) 

J J 

Coefficients C~r consist of products of electron phase- 
space integrals Gk (k=0-9)  and the nuclear matrix 

elements 
and R), 

Cram = ( M G T - -  M e )  2 G1, 
C,, = M~ + G 2 1 2 2 + ~ M  i_  G 4 - ~ M  t _ M 2 +  G3 

+ M~ G8 - Me MR G7 + M i  G9, 
C 2 2 = M  2_ 1 2 G 4 _ ~ M I + M  2 G3 G2+~MI+ _ , 

(s) 
Cm, = ( M ~ T - M F ) ( m 2 +  G 3 -  M1- G 4 

- M e  G5 + MR G6), 
Gin, l = -- ( M a T  -- MF)  (M2 - G 3 - M 1 + G4), 
C,x = - 2 ME + M 2 -  G2 + 2(M1 + M2 + 

+ M 1 -  M 2 - )  G3 - 2 M 1 -  M I +  G4. 

The nine nuclear matrix elements are 

M . =  ~, <0f II t_~t_.O~,. II07> (9) 
m~n 

with the following two-body transition operators 

o ~ [  = ~  - ~ u~(~), 
F 

Fo gv  2 

M~ (a=GT, F, GTco, Fco, GTq, Fq, T, P 

0 ~ (  ~' = ~ "  q2 H,o(r), 

- H  r g v 2  

0 ~ _  r H ~ { g v ~  

(10) 
0 ~ 2 =  [(~1" ~)(~2 ^ 1 r  9 r ) - - -~a  1  9 tr2] ~ Hq(r), 

^ r+ 

where r = r l - r E ,  r =  Irl, f =r/r ,  r+ =(rl + r2)/2, and the 
nuclear radius R is introduced to make the matrix 
elements dimensionless (Neutrino potentials are also 
defined to be dimensionless, (12)). We retain the domi- 
nant central part of the recoil matrix element MR 
[13]. The combinations Ms+ and M2+ are 

M1 • = MrTq + 3 Mvq-- 6 M T ,  
(11) 

M 2 + = M r T  ~ + Mw, - ~M~ _=. 

The four types of "neutrino potentials" are defined 
by the integral of the neutrino momentum, 

2R 1 ~ qsin(qr) 
Hm (r) n r o co(on+E) dq, 

i_io~(r)_2R 1 ~ qsin(qr) 
n r o (c~ 2 dq, 

(12) 
A 

Hq (r) = -- R ~r Hm (r), 

R d: 
HR(r)= M dr z Hm(r) 

DLF et al. PRC110,045502(2024), Huang et al. in preparation Bender et al. ZPA344,187(1989)



Results

❖ We redefine the q term with a overall 1/3 factor in front to make it more 
nature with mass and ω terms
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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Tab le  1. The  nuc l ea r  m a t r i x  e lements  o f  the  Ovflfl d e c a y  a n d  the  coefficients (in y - l )  of  the d e c a y  ra t e  fo rmula .  The  n u c l e a r  m a t r i x  
e lements  a re  ca l cu l a t ed  in p n Q R P A  wi th  the  m o s t  p r o b a b l e  va lue  of  the  p p  i n t e r a c t i o n  s t r e n g t h  [8] .  T h e  e lec t ron  phase - space  in tegra l s  
a re  t a k e n  f r o m  [1]  

76Ge S2Se lOOMo 12STe 13OTe 136Xe i SONd 

M a r  3.014 2.847 0.763 3.103 2.493 1.120 4.254 
Mr - 1.173 - -  1.071 - -  1.356 - -  1.184 - 0 . 9 7 7  - -0 .461  - -  1.821 
MGro~ 2.912 2.744 1.330 3.011 2.442 1.172 4.206 
M r ~  - 1.025 - -0 .939  - -  1.218 - -  1.047 - 0 . 8 6 7  - -0 .411  - -  1.630 
MoTq 1.945 1.886 - -  1.145 1.999 1.526 0 .480 2.485 
M r q  --  1.058 - -0 .966  --  1.161 - -  1.054 - - 0 .8 60  - -0 .389  --  1.592 
M r  - 0 . 6 1 2  - -0 .789  - -0 .823  - 0 . 5 8 3  - 0 . 5 7 4  - -0 .482  - -  1.148 
M e  --  0 .530 - -  0 .500 i .  182 - 0.483 - 0 .387 - -  0 .360 0.998 
MR 3.594 3.343 4.528 4.371 3.736 2.193 7.005 

C,,, ,  1 . 1 2 x  10 -13  4.33 x 10 -13 2.05 x 10 -13  3 . 3 6 x  10 -14  5 . 3 4 x  10 -13 1 . 1 8 x  10 -13  7.74 x 10 -12 
Cm~ 2.19 x 10 -11 6.37 x 10 -11 6.48 x 10 -11 9.46 x 10 -12  9.10 x 10 11 2.61 x 1 0 - i 1  1.02 x 1 0 - 9  
Cm;. - -4 .11  x 10 -14 - - 1 . 6 0 x  10 -13  - 1 . 6 1  x 10 -13  - - 4 . 8 6 x  10 -15 - 2 . 1 7  x 10 -13 - - 2 . 8 0 x  10 - I 4  - - 3 . 5 7 x  10 -12  
Cn, s 4.44 x 10 - 9  1.54 x 10 8 3.50 x 10 8 1.50 x 10 9 2.25 x 10 - s  8.27 • 10 - 9  2.95 x 10 - 7  
C ~  - -4 .99  x 10 -14  - - 3 . 8 4 x  10 -13 7.03 x 10 - l a  - 1 . 8 7 x  10 -15 - -4 .13  x 10 -13 - - 6 . 2 2 x  10 -14  - -8 .39  x 10 - l z  
C~.~ 1.36 x 10 -13 1.01 x 10 -12 1.05 x 10 -12 7.39 x 10 -15 1.05 x 10 12 2.04 x 1 0 - 1 3  2.68 x 10 -11  
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Fig.  1. U p p e r :  Pe rcen t ages  o f  the  g r o u n d - s t a t e  co r r e l a t i ons  of  76Se 
ca l cu l a t ed  in p n Q R P A  for  some  J~ values.  L o w e r :  The  n u c l e a r  
m a t r i x  e lements  MGT, Mr a n d  MR of  the  Ov tiff d e c a y  7 6 G e ~  76Se, 
ca l cu l a t ed  as func t ion  o f  gpp. C o n t r i b u t i o n s  to  MOT a n d  MR (Mr) 
t h r o u g h  i n t e rmed ia t e  s ta tes  wi th  J~ = 1 + (0 +) are  s h o w n  b y  a d a s h e d  
line 

the nuclear matrix elements are more sensitive than 
to those of the parent state, and the nuclear matrix 
elements (lower) as function of gpp. For this decay, 
gpp=0.875 is the most probable value [8]. In the 
probable range of gpp, the percentage of the 1 + corre- 
lations increases rapidly and is more than twice that 
of the other multipolarities. This is reflected in the 
behaviour of the nuclear matrix elements, in particu- 
lar Mar.  The decrease of MaT with gpp comes mostly 
from that of the 1 + contribution, and the other contri- 

butions remain almost constant. The 1 + contribution, 
which is about a half of MaT at gpp=0, decreases 
and almost completely vanishes at gpp = 0.875, as the 
2v decay matrix element does. Consequently, Mar 
is suppressed by the pp interaction by a factor of 
3. This suppression is much smaller than that of the 
2v fir decay, M2~, which is suppressed by up to two 
orders of magnitude [8]. In case of M r (only natural- 
parity states are allowed for the intermediate states), 
the decrease with gpp is mainly due to the 0 + contri- 
bution. The recoil matrix element, MR, is much less 
sensitive to a change of gpp, although its transition 
operator is similar to that of Mar , because of the 
short-range character of the neutrino potential, 

6(r) 2E 1 
HR(r)~ r2 ~ r2 FE2H.,(r). (18) 

The zero-range potential favours transitions via high- 
multipole intermediate states. 

A decomposition of the nuclear matrix elements 
is shown in Fig. 2. In the mass term, Mar and - M r  
have the same sign in each j r  mode, and all compo- 
nents of different J~ are added constructively, except 
for J~= 1 +, in which the calculation involves the larg- 
est uncertainties. The recoil matrix element comprises 
all multipole contributions with the same sign. There 
exist sizable contributions up to the highest multipo- 
larities, the jr=_ 9 + component comes only from two 
successive v g 9 / 2  --~ 7g g9/2 transitions. 

Figure 3 shows an alternative decomposition of 
MaT--Mr and MR into components of two-particle 
transitions in which the angular momenta of the two 
nucleons are coupled to J~ (see (13)). For example, 
the component with J~=0 + arises from transitions 
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The left- and right-handed leptonic currents are 

j~=e?U(1--75) V~L, j~ = e?"(1 +75) V'~R (2) 

and the current electron neutrinos are superpositions 
of mass-eigenstate Majorana neutrinos N~ with the 
mass mj,  

YeL=- E UejNjL , VteR= E V~sN~R. (3) 
J J 

Hadronic currents, which are expressed in terms of 
quarks similarly to (2), are converted into the currents 
of nucleons 9 The nuclear currents are, in the non- 
relativistic impulse approximation, 

(JLO/~(X),J+L/R(X)) 
A 

= ~ t-.(gv-T-gAC., T - g a a . + g v D . ) 3 ( x - r . )  (4) 
n=l 

with the nucleon recoil terms 

c.  = [(p. + p'.).. .  
- (gv/gA)(E. -- E'.)(p. - p')" a.]/(2 M), (5 a) 

D .  = [(p,, + p') - i #p a .  x ( p . -  p;) ] / (2  M )  (5 b) 

where (E., p.) and (El,, p'.) are the initial and final four- 
momenta of the n-th nucleon, respectively, and M 
the nucleon mass. We take the values of the coupling 
constants, G =  1.16637 x 10 -5 MeV -2, gv=0.9737, 
ga/gv=l.254 and #~=4.706 [121. The scalar recoil 
term C. does not contribute under the assumption 
that finite de Broglie wave length corrections of elec- 
trons are neglected. Terms proportional to x will be 
neglected, since it always appears in the combination 
1 ___ s: and 1~:1 ~ 1 is expected. 

The inverse half-life of the 0 v tiff decay, O~ + ~ 0] ,  
can be written as 

[Tl~ 2 + C.~x (J~) 2 

+ c , ~ . - -  <~> + c . , ~ - -  <~> 
me me 

+ C,z (t /)  (2 )  (6) 

where effective values of the neutrino mass and cou- 
pling strengths of the right-handed currents are 

( m ~ ) = ~ . m j U  2, 
J 

(7) 

J J 

Coefficients C~r consist of products of electron phase- 
space integrals Gk (k=0-9)  and the nuclear matrix 

elements 
and R), 

Cram = ( M G T - -  M e )  2 G1, 
C,, = M~ + G 2 1 2 2 + ~ M  i_  G 4 - ~ M  t _ M 2 +  G3 

+ M~ G8 - Me MR G7 + M i  G9, 
C 2 2 = M  2_ 1 2 G 4 _ ~ M I + M  2 G3 G2+~MI+ _ , 

(s) 
Cm, = ( M ~ T - M F ) ( m 2 +  G 3 -  M1- G 4 

- M e  G5 + MR G6), 
Gin, l = -- ( M a T  -- MF)  (M2 - G 3 - M 1 + G4), 
C,x = - 2 ME + M 2 -  G2 + 2(M1 + M2 + 

+ M 1 -  M 2 - )  G3 - 2 M 1 -  M I +  G4. 

The nine nuclear matrix elements are 

M . =  ~, <0f II t_~t_.O~,. II07> (9) 
m~n 

with the following two-body transition operators 

o ~ [  = ~  - ~ u~(~), 
F 

Fo gv  2 

M~ (a=GT, F, GTco, Fco, GTq, Fq, T, P 

0 ~ (  ~' = ~ "  q2 H,o(r), 

- H  r g v 2  

0 ~ _  r H ~ { g v ~  

(10) 
0 ~ 2 =  [(~1" ~)(~2 ^ 1 r  9 r ) - - -~a  1  9 tr2] ~ Hq(r), 

^ r+ 

where r = r l - r E ,  r =  Irl, f =r/r ,  r+ =(rl + r2)/2, and the 
nuclear radius R is introduced to make the matrix 
elements dimensionless (Neutrino potentials are also 
defined to be dimensionless, (12)). We retain the domi- 
nant central part of the recoil matrix element MR 
[13]. The combinations Ms+ and M2+ are 

M1 • = MrTq + 3 Mvq-- 6 M T ,  
(11) 

M 2 + = M r T  ~ + Mw, - ~M~ _=. 

The four types of "neutrino potentials" are defined 
by the integral of the neutrino momentum, 

2R 1 ~ qsin(qr) 
Hm (r) n r o co(on+E) dq, 

i_io~(r)_2R 1 ~ qsin(qr) 
n r o (c~ 2 dq, 

(12) 
A 

Hq (r) = -- R ~r Hm (r), 

R d: 
HR(r)= M dr z Hm(r) 

DLF et al. PRC110,045502(2024), Huang et al. in preparation Bender et al. ZPA344,187(1989)



Results

❖ We redefine the q term with a overall 1/3 factor in front to make it more 
nature with mass and ω terms
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
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total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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Tab le  1. The  nuc l ea r  m a t r i x  e lements  o f  the  Ovflfl d e c a y  a n d  the  coefficients (in y - l )  of  the d e c a y  ra t e  fo rmula .  The  n u c l e a r  m a t r i x  
e lements  a re  ca l cu l a t ed  in p n Q R P A  wi th  the  m o s t  p r o b a b l e  va lue  of  the  p p  i n t e r a c t i o n  s t r e n g t h  [8] .  T h e  e lec t ron  phase - space  in tegra l s  
a re  t a k e n  f r o m  [1]  

76Ge S2Se lOOMo 12STe 13OTe 136Xe i SONd 

M a r  3.014 2.847 0.763 3.103 2.493 1.120 4.254 
Mr - 1.173 - -  1.071 - -  1.356 - -  1.184 - 0 . 9 7 7  - -0 .461  - -  1.821 
MGro~ 2.912 2.744 1.330 3.011 2.442 1.172 4.206 
M r ~  - 1.025 - -0 .939  - -  1.218 - -  1.047 - 0 . 8 6 7  - -0 .411  - -  1.630 
MoTq 1.945 1.886 - -  1.145 1.999 1.526 0 .480 2.485 
M r q  --  1.058 - -0 .966  --  1.161 - -  1.054 - - 0 .8 60  - -0 .389  --  1.592 
M r  - 0 . 6 1 2  - -0 .789  - -0 .823  - 0 . 5 8 3  - 0 . 5 7 4  - -0 .482  - -  1.148 
M e  --  0 .530 - -  0 .500 i .  182 - 0.483 - 0 .387 - -  0 .360 0.998 
MR 3.594 3.343 4.528 4.371 3.736 2.193 7.005 

C,,, ,  1 . 1 2 x  10 -13  4.33 x 10 -13 2.05 x 10 -13  3 . 3 6 x  10 -14  5 . 3 4 x  10 -13 1 . 1 8 x  10 -13  7.74 x 10 -12 
Cm~ 2.19 x 10 -11 6.37 x 10 -11 6.48 x 10 -11 9.46 x 10 -12  9.10 x 10 11 2.61 x 1 0 - i 1  1.02 x 1 0 - 9  
Cm;. - -4 .11  x 10 -14 - - 1 . 6 0 x  10 -13  - 1 . 6 1  x 10 -13  - - 4 . 8 6 x  10 -15 - 2 . 1 7  x 10 -13 - - 2 . 8 0 x  10 - I 4  - - 3 . 5 7 x  10 -12  
Cn, s 4.44 x 10 - 9  1.54 x 10 8 3.50 x 10 8 1.50 x 10 9 2.25 x 10 - s  8.27 • 10 - 9  2.95 x 10 - 7  
C ~  - -4 .99  x 10 -14  - - 3 . 8 4 x  10 -13 7.03 x 10 - l a  - 1 . 8 7 x  10 -15 - -4 .13  x 10 -13 - - 6 . 2 2 x  10 -14  - -8 .39  x 10 - l z  
C~.~ 1.36 x 10 -13 1.01 x 10 -12 1.05 x 10 -12 7.39 x 10 -15 1.05 x 10 12 2.04 x 1 0 - 1 3  2.68 x 10 -11  
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Fig.  1. U p p e r :  Pe rcen t ages  o f  the  g r o u n d - s t a t e  co r r e l a t i ons  of  76Se 
ca l cu l a t ed  in p n Q R P A  for  some  J~ values.  L o w e r :  The  n u c l e a r  
m a t r i x  e lements  MGT, Mr a n d  MR of  the  Ov tiff d e c a y  7 6 G e ~  76Se, 
ca l cu l a t ed  as func t ion  o f  gpp. C o n t r i b u t i o n s  to  MOT a n d  MR (Mr) 
t h r o u g h  i n t e rmed ia t e  s ta tes  wi th  J~ = 1 + (0 +) are  s h o w n  b y  a d a s h e d  
line 

the nuclear matrix elements are more sensitive than 
to those of the parent state, and the nuclear matrix 
elements (lower) as function of gpp. For this decay, 
gpp=0.875 is the most probable value [8]. In the 
probable range of gpp, the percentage of the 1 + corre- 
lations increases rapidly and is more than twice that 
of the other multipolarities. This is reflected in the 
behaviour of the nuclear matrix elements, in particu- 
lar Mar.  The decrease of MaT with gpp comes mostly 
from that of the 1 + contribution, and the other contri- 

butions remain almost constant. The 1 + contribution, 
which is about a half of MaT at gpp=0, decreases 
and almost completely vanishes at gpp = 0.875, as the 
2v decay matrix element does. Consequently, Mar 
is suppressed by the pp interaction by a factor of 
3. This suppression is much smaller than that of the 
2v fir decay, M2~, which is suppressed by up to two 
orders of magnitude [8]. In case of M r (only natural- 
parity states are allowed for the intermediate states), 
the decrease with gpp is mainly due to the 0 + contri- 
bution. The recoil matrix element, MR, is much less 
sensitive to a change of gpp, although its transition 
operator is similar to that of Mar , because of the 
short-range character of the neutrino potential, 

6(r) 2E 1 
HR(r)~ r2 ~ r2 FE2H.,(r). (18) 

The zero-range potential favours transitions via high- 
multipole intermediate states. 

A decomposition of the nuclear matrix elements 
is shown in Fig. 2. In the mass term, Mar and - M r  
have the same sign in each j r  mode, and all compo- 
nents of different J~ are added constructively, except 
for J~= 1 +, in which the calculation involves the larg- 
est uncertainties. The recoil matrix element comprises 
all multipole contributions with the same sign. There 
exist sizable contributions up to the highest multipo- 
larities, the jr=_ 9 + component comes only from two 
successive v g 9 / 2  --~ 7g g9/2 transitions. 

Figure 3 shows an alternative decomposition of 
MaT--Mr and MR into components of two-particle 
transitions in which the angular momenta of the two 
nucleons are coupled to J~ (see (13)). For example, 
the component with J~=0 + arises from transitions 
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The left- and right-handed leptonic currents are 

j~=e?U(1--75) V~L, j~ = e?"(1 +75) V'~R (2) 

and the current electron neutrinos are superpositions 
of mass-eigenstate Majorana neutrinos N~ with the 
mass mj,  

YeL=- E UejNjL , VteR= E V~sN~R. (3) 
J J 

Hadronic currents, which are expressed in terms of 
quarks similarly to (2), are converted into the currents 
of nucleons 9 The nuclear currents are, in the non- 
relativistic impulse approximation, 

(JLO/~(X),J+L/R(X)) 
A 

= ~ t-.(gv-T-gAC., T - g a a . + g v D . ) 3 ( x - r . )  (4) 
n=l 

with the nucleon recoil terms 

c.  = [(p. + p'.).. .  
- (gv/gA)(E. -- E'.)(p. - p')" a.]/(2 M), (5 a) 

D .  = [(p,, + p') - i #p a .  x ( p . -  p;) ] / (2  M )  (5 b) 

where (E., p.) and (El,, p'.) are the initial and final four- 
momenta of the n-th nucleon, respectively, and M 
the nucleon mass. We take the values of the coupling 
constants, G =  1.16637 x 10 -5 MeV -2, gv=0.9737, 
ga/gv=l.254 and #~=4.706 [121. The scalar recoil 
term C. does not contribute under the assumption 
that finite de Broglie wave length corrections of elec- 
trons are neglected. Terms proportional to x will be 
neglected, since it always appears in the combination 
1 ___ s: and 1~:1 ~ 1 is expected. 

The inverse half-life of the 0 v tiff decay, O~ + ~ 0] ,  
can be written as 

[Tl~ 2 + C.~x (J~) 2 

+ c , ~ . - -  <~> + c . , ~ - -  <~> 
me me 

+ C,z (t /)  (2 )  (6) 

where effective values of the neutrino mass and cou- 
pling strengths of the right-handed currents are 

( m ~ ) = ~ . m j U  2, 
J 

(7) 

J J 

Coefficients C~r consist of products of electron phase- 
space integrals Gk (k=0-9)  and the nuclear matrix 

elements 
and R), 

Cram = ( M G T - -  M e )  2 G1, 
C,, = M~ + G 2 1 2 2 + ~ M  i_  G 4 - ~ M  t _ M 2 +  G3 

+ M~ G8 - Me MR G7 + M i  G9, 
C 2 2 = M  2_ 1 2 G 4 _ ~ M I + M  2 G3 G2+~MI+ _ , 

(s) 
Cm, = ( M ~ T - M F ) ( m 2 +  G 3 -  M1- G 4 

- M e  G5 + MR G6), 
Gin, l = -- ( M a T  -- MF)  (M2 - G 3 - M 1 + G4), 
C,x = - 2 ME + M 2 -  G2 + 2(M1 + M2 + 

+ M 1 -  M 2 - )  G3 - 2 M 1 -  M I +  G4. 

The nine nuclear matrix elements are 

M . =  ~, <0f II t_~t_.O~,. II07> (9) 
m~n 

with the following two-body transition operators 

o ~ [  = ~  - ~ u~(~), 
F 

Fo gv  2 

M~ (a=GT, F, GTco, Fco, GTq, Fq, T, P 

0 ~ (  ~' = ~ "  q2 H,o(r), 

- H  r g v 2  

0 ~ _  r H ~ { g v ~  

(10) 
0 ~ 2 =  [(~1" ~)(~2 ^ 1 r  9 r ) - - -~a  1  9 tr2] ~ Hq(r), 

^ r+ 

where r = r l - r E ,  r =  Irl, f =r/r ,  r+ =(rl + r2)/2, and the 
nuclear radius R is introduced to make the matrix 
elements dimensionless (Neutrino potentials are also 
defined to be dimensionless, (12)). We retain the domi- 
nant central part of the recoil matrix element MR 
[13]. The combinations Ms+ and M2+ are 

M1 • = MrTq + 3 Mvq-- 6 M T ,  
(11) 

M 2 + = M r T  ~ + Mw, - ~M~ _=. 

The four types of "neutrino potentials" are defined 
by the integral of the neutrino momentum, 

2R 1 ~ qsin(qr) 
Hm (r) n r o co(on+E) dq, 

i_io~(r)_2R 1 ~ qsin(qr) 
n r o (c~ 2 dq, 

(12) 
A 

Hq (r) = -- R ~r Hm (r), 

R d: 
HR(r)= M dr z Hm(r) 

DLF et al. PRC110,045502(2024), Huang et al. in preparation Bender et al. ZPA344,187(1989)



Results

❖ We redefine the q term with a overall 1/3 factor in front to make it more 
nature with mass and ω terms
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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Tab le  1. The  nuc l ea r  m a t r i x  e lements  o f  the  Ovflfl d e c a y  a n d  the  coefficients (in y - l )  of  the d e c a y  ra t e  fo rmula .  The  n u c l e a r  m a t r i x  
e lements  a re  ca l cu l a t ed  in p n Q R P A  wi th  the  m o s t  p r o b a b l e  va lue  of  the  p p  i n t e r a c t i o n  s t r e n g t h  [8] .  T h e  e lec t ron  phase - space  in tegra l s  
a re  t a k e n  f r o m  [1]  

76Ge S2Se lOOMo 12STe 13OTe 136Xe i SONd 

M a r  3.014 2.847 0.763 3.103 2.493 1.120 4.254 
Mr - 1.173 - -  1.071 - -  1.356 - -  1.184 - 0 . 9 7 7  - -0 .461  - -  1.821 
MGro~ 2.912 2.744 1.330 3.011 2.442 1.172 4.206 
M r ~  - 1.025 - -0 .939  - -  1.218 - -  1.047 - 0 . 8 6 7  - -0 .411  - -  1.630 
MoTq 1.945 1.886 - -  1.145 1.999 1.526 0 .480 2.485 
M r q  --  1.058 - -0 .966  --  1.161 - -  1.054 - - 0 .8 60  - -0 .389  --  1.592 
M r  - 0 . 6 1 2  - -0 .789  - -0 .823  - 0 . 5 8 3  - 0 . 5 7 4  - -0 .482  - -  1.148 
M e  --  0 .530 - -  0 .500 i .  182 - 0.483 - 0 .387 - -  0 .360 0.998 
MR 3.594 3.343 4.528 4.371 3.736 2.193 7.005 

C,,, ,  1 . 1 2 x  10 -13  4.33 x 10 -13 2.05 x 10 -13  3 . 3 6 x  10 -14  5 . 3 4 x  10 -13 1 . 1 8 x  10 -13  7.74 x 10 -12 
Cm~ 2.19 x 10 -11 6.37 x 10 -11 6.48 x 10 -11 9.46 x 10 -12  9.10 x 10 11 2.61 x 1 0 - i 1  1.02 x 1 0 - 9  
Cm;. - -4 .11  x 10 -14 - - 1 . 6 0 x  10 -13  - 1 . 6 1  x 10 -13  - - 4 . 8 6 x  10 -15 - 2 . 1 7  x 10 -13 - - 2 . 8 0 x  10 - I 4  - - 3 . 5 7 x  10 -12  
Cn, s 4.44 x 10 - 9  1.54 x 10 8 3.50 x 10 8 1.50 x 10 9 2.25 x 10 - s  8.27 • 10 - 9  2.95 x 10 - 7  
C ~  - -4 .99  x 10 -14  - - 3 . 8 4 x  10 -13 7.03 x 10 - l a  - 1 . 8 7 x  10 -15 - -4 .13  x 10 -13 - - 6 . 2 2 x  10 -14  - -8 .39  x 10 - l z  
C~.~ 1.36 x 10 -13 1.01 x 10 -12 1.05 x 10 -12 7.39 x 10 -15 1.05 x 10 12 2.04 x 1 0 - 1 3  2.68 x 10 -11  
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<a. 76Se 
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Fig.  1. U p p e r :  Pe rcen t ages  o f  the  g r o u n d - s t a t e  co r r e l a t i ons  of  76Se 
ca l cu l a t ed  in p n Q R P A  for  some  J~ values.  L o w e r :  The  n u c l e a r  
m a t r i x  e lements  MGT, Mr a n d  MR of  the  Ov tiff d e c a y  7 6 G e ~  76Se, 
ca l cu l a t ed  as func t ion  o f  gpp. C o n t r i b u t i o n s  to  MOT a n d  MR (Mr) 
t h r o u g h  i n t e rmed ia t e  s ta tes  wi th  J~ = 1 + (0 +) are  s h o w n  b y  a d a s h e d  
line 

the nuclear matrix elements are more sensitive than 
to those of the parent state, and the nuclear matrix 
elements (lower) as function of gpp. For this decay, 
gpp=0.875 is the most probable value [8]. In the 
probable range of gpp, the percentage of the 1 + corre- 
lations increases rapidly and is more than twice that 
of the other multipolarities. This is reflected in the 
behaviour of the nuclear matrix elements, in particu- 
lar Mar.  The decrease of MaT with gpp comes mostly 
from that of the 1 + contribution, and the other contri- 

butions remain almost constant. The 1 + contribution, 
which is about a half of MaT at gpp=0, decreases 
and almost completely vanishes at gpp = 0.875, as the 
2v decay matrix element does. Consequently, Mar 
is suppressed by the pp interaction by a factor of 
3. This suppression is much smaller than that of the 
2v fir decay, M2~, which is suppressed by up to two 
orders of magnitude [8]. In case of M r (only natural- 
parity states are allowed for the intermediate states), 
the decrease with gpp is mainly due to the 0 + contri- 
bution. The recoil matrix element, MR, is much less 
sensitive to a change of gpp, although its transition 
operator is similar to that of Mar , because of the 
short-range character of the neutrino potential, 

6(r) 2E 1 
HR(r)~ r2 ~ r2 FE2H.,(r). (18) 

The zero-range potential favours transitions via high- 
multipole intermediate states. 

A decomposition of the nuclear matrix elements 
is shown in Fig. 2. In the mass term, Mar and - M r  
have the same sign in each j r  mode, and all compo- 
nents of different J~ are added constructively, except 
for J~= 1 +, in which the calculation involves the larg- 
est uncertainties. The recoil matrix element comprises 
all multipole contributions with the same sign. There 
exist sizable contributions up to the highest multipo- 
larities, the jr=_ 9 + component comes only from two 
successive v g 9 / 2  --~ 7g g9/2 transitions. 

Figure 3 shows an alternative decomposition of 
MaT--Mr and MR into components of two-particle 
transitions in which the angular momenta of the two 
nucleons are coupled to J~ (see (13)). For example, 
the component with J~=0 + arises from transitions 
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The left- and right-handed leptonic currents are 

j~=e?U(1--75) V~L, j~ = e?"(1 +75) V'~R (2) 

and the current electron neutrinos are superpositions 
of mass-eigenstate Majorana neutrinos N~ with the 
mass mj,  

YeL=- E UejNjL , VteR= E V~sN~R. (3) 
J J 

Hadronic currents, which are expressed in terms of 
quarks similarly to (2), are converted into the currents 
of nucleons 9 The nuclear currents are, in the non- 
relativistic impulse approximation, 

(JLO/~(X),J+L/R(X)) 
A 

= ~ t-.(gv-T-gAC., T - g a a . + g v D . ) 3 ( x - r . )  (4) 
n=l 

with the nucleon recoil terms 

c.  = [(p. + p'.).. .  
- (gv/gA)(E. -- E'.)(p. - p')" a.]/(2 M), (5 a) 

D .  = [(p,, + p') - i #p a .  x ( p . -  p;) ] / (2  M )  (5 b) 

where (E., p.) and (El,, p'.) are the initial and final four- 
momenta of the n-th nucleon, respectively, and M 
the nucleon mass. We take the values of the coupling 
constants, G =  1.16637 x 10 -5 MeV -2, gv=0.9737, 
ga/gv=l.254 and #~=4.706 [121. The scalar recoil 
term C. does not contribute under the assumption 
that finite de Broglie wave length corrections of elec- 
trons are neglected. Terms proportional to x will be 
neglected, since it always appears in the combination 
1 ___ s: and 1~:1 ~ 1 is expected. 

The inverse half-life of the 0 v tiff decay, O~ + ~ 0] ,  
can be written as 

[Tl~ 2 + C.~x (J~) 2 

+ c , ~ . - -  <~> + c . , ~ - -  <~> 
me me 

+ C,z (t /)  (2 )  (6) 

where effective values of the neutrino mass and cou- 
pling strengths of the right-handed currents are 

( m ~ ) = ~ . m j U  2, 
J 

(7) 

J J 

Coefficients C~r consist of products of electron phase- 
space integrals Gk (k=0-9)  and the nuclear matrix 

elements 
and R), 

Cram = ( M G T - -  M e )  2 G1, 
C,, = M~ + G 2 1 2 2 + ~ M  i_  G 4 - ~ M  t _ M 2 +  G3 

+ M~ G8 - Me MR G7 + M i  G9, 
C 2 2 = M  2_ 1 2 G 4 _ ~ M I + M  2 G3 G2+~MI+ _ , 

(s) 
Cm, = ( M ~ T - M F ) ( m 2 +  G 3 -  M1- G 4 

- M e  G5 + MR G6), 
Gin, l = -- ( M a T  -- MF)  (M2 - G 3 - M 1 + G4), 
C,x = - 2 ME + M 2 -  G2 + 2(M1 + M2 + 

+ M 1 -  M 2 - )  G3 - 2 M 1 -  M I +  G4. 

The nine nuclear matrix elements are 

M . =  ~, <0f II t_~t_.O~,. II07> (9) 
m~n 

with the following two-body transition operators 

o ~ [  = ~  - ~ u~(~), 
F 

Fo gv  2 

M~ (a=GT, F, GTco, Fco, GTq, Fq, T, P 

0 ~ (  ~' = ~ "  q2 H,o(r), 

- H  r g v 2  

0 ~ _  r H ~ { g v ~  

(10) 
0 ~ 2 =  [(~1" ~)(~2 ^ 1 r  9 r ) - - -~a  1  9 tr2] ~ Hq(r), 

^ r+ 

where r = r l - r E ,  r =  Irl, f =r/r ,  r+ =(rl + r2)/2, and the 
nuclear radius R is introduced to make the matrix 
elements dimensionless (Neutrino potentials are also 
defined to be dimensionless, (12)). We retain the domi- 
nant central part of the recoil matrix element MR 
[13]. The combinations Ms+ and M2+ are 

M1 • = MrTq + 3 Mvq-- 6 M T ,  
(11) 

M 2 + = M r T  ~ + Mw, - ~M~ _=. 

The four types of "neutrino potentials" are defined 
by the integral of the neutrino momentum, 

2R 1 ~ qsin(qr) 
Hm (r) n r o co(on+E) dq, 

i_io~(r)_2R 1 ~ qsin(qr) 
n r o (c~ 2 dq, 

(12) 
A 

Hq (r) = -- R ~r Hm (r), 

R d: 
HR(r)= M dr z Hm(r) 

DLF et al. PRC110,045502(2024), Huang et al. in preparation Bender et al. ZPA344,187(1989)



Results

❖ As was pointed out by various reference, R term dominates the η mechanism

❖ And the P term is small, this suppresses the P-wave effect 
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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TABLE II. The 0⌫��-decay NMEs of mechanisms other than the mass mechanism for 76Ge, 82Se, 130Te, and 136Xe. Here, we
present the results for all NMEs defined by Eq.(B4) and the total± represent the sign of the MM term in Eq (B3). For each
nucleus, we present the results under QRPA and shell model with two di↵erent Hamiltonians.

NMEs
76Ge 82Se 130Te 136Xe

QRPA jun45 jj44b QRPA jun45 jj44b QRPA jj55a GCN50:82 QRPA jj55a GCN50:82

M!F �1.290 �0.637 �0.576 �1.156 �0.597 �0.500 �1.152 �0.637 �0.669 �0.341 �0.545 �0.540

MAA
!GT 5.036 3.276 2.980 4.339 3.073 2.596 4.025 2.883 2.931 1.450 2.427 2.351

MAP
!GT �1.929 �1.044 �0.919 �1.684 �0.978 �0.798 �1.665 �0.939 �0.993 �0.580 �0.786 �0.795

MPP
!GT 0.661 0.333 0.290 0.577 0.310 0.252 0.587 0.303 0.324 0.201 0.252 0.259

MMM
!GT 0.814 0.239 0.208 0.707 0.221 0.181 0.723 0.220 0.236 0.244 0.182 0.188

total+ 4.272 2.713 2.480 3.670 2.542 2.162 3.395 2.383 2.408 1.223 2.006 1.932

total� 3.264 2.417 2.222 2.794 2.268 1.938 2.499 2.111 2.116 0.919 1.780 1.698

MAP
!T �0.785 �0.012 �0.003 �0.726 �0.013 �0.011 �0.926 0.009 0.015 �0.283 0.003 0.014

MPP
!T 0.287 0.002 �0.001 0.265 0.003 0.003 0.330 �0.006 �0.007 0.100 �0.003 �0.006

MMM
!T �0.191 �0.001 0.000 �0.174 �0.001 �0.002 �0.210 0.003 0.003 �0.064 0.001 0.002

total+ �0.616 �0.011 �0.004 �0.569 �0.011 �0.010 �0.726 0.006 0.010 �0.222 0.001 0.009

total� �0.380 �0.009 �0.004 �0.353 �0.009 �0.007 �0.466 0.000 0.006 �0.144 �0.001 0.007

MqF �0.797 �0.379 �0.352 �0.734 �0.360 �0.303 �0.683 �0.408 �0.418 �0.195 �0.358 �0.342

MAA
qGT 1.266 1.070 0.994 1.062 1.005 0.868 0.891 0.927 0.917 0.367 0.783 0.736

MAP
qGT 2.499 1.614 1.439 2.173 1.524 1.247 2.024 1.422 1.475 0.760 1.202 1.188

MPP
qGT -1.104 -0.648 -0.569 -0.967 -0.610 -0.493 -0.945 -0.577 -0.609 -0.345 -0.485 -0.489

MMM
qGT -1.959 -0.625 -0.545 -1.707 -0.582 -0.475 -1.734 -0.569 -0.608 -0.607 -0.473 -0.485

total+ 1.447 1.412 1.526 1.210 1.338 1.328 0.895 1.203 1.406 0.406 1.027 1.134

total� 3.875 2.661 2.202 3.327 2.501 1.917 3.044 2.342 2.160 1.159 1.973 1.736

MAA
T �1.833 �0.086 �0.052 �1.704 �0.084 �0.062 �2.262 �0.059 �0.024 �0.704 �0.053 �0.005

MAA
qT -2.874 -0.112 -0.066 -2.660 -0.110 -0.084 -3.456 -0.062 -0.018 -1.070 -0.062 0.004

MAP
qT 1.534 0.008 -0.002 1.406 0.012 0.016 1.730 -0.036 -0.036 0.522 -0.014 -0.030

MPP
qT -0.458 0.000 0.002 -0.416 -0.002 -0.006 -0.484 0.014 0.010 -0.144 0.004 0.006

MMM
qT -0.178 0.000 0.000 -0.158 0.000 -0.002 -0.174 0.002 0.002 -0.052 0.000 0.002

total+ -1.908 -0.104 -0.066 -1.768 -0.100 -0.076 -2.318 -0.082 -0.042 -0.724 -0.072 -0.018

total� -1.688 -0.104 -0.066 -1.572 -0.100 -0.072 -2.102 -0.086 -0.046 -0.660 -0.072 -0.022

MRGT 9.292 4.235 3.713 8.250 4.037 3.314 9.846 4.686 5.048 3.393 3.948 4.080

MRT �2.281 0.014 0.004 �2.128 0.018 0.028 �2.983 �0.056 �0.056 �0.910 �0.014 �0.042

total 7.011 4.249 3.717 6.123 4.055 3.342 6.863 4.630 4.992 2.483 3.934 4.038

MP �0.562 �0.431 �0.279 �0.521 �0.428 �0.152 �0.281 �0.498 �0.425 �0.203 �0.289 �0.255
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sion  of  SRC  changes  the  NME  by  only  a  few  percent.
The  same  applies  to  the  P  term;  the  general  effects  of
SRC are below 10%.

Finally, we consider the effect of SRC on the R term.
While  the  effect  of  SRC  on  the  tensor  part  is  smaller
(around 5%), a drastic reduction is observed for the RGT
part, especially for the Argonne SRC. The effects of SRC
on RGT have similar but milder effects as the case of the
heavy  neutrino  mass  mechanism in  various  literature  [8,
10].  While  the  CD-Bonn  SRC  leads  to  a  reduction  of
about  10%,  the  Argonne  SRC  has  much  wilder  effects,
with a  reduction  of  about  30%  observed  in  our   calcula-
tions,  and  it  seems  that  such  reduction  is  nucleus-inde-
pendent.

MRGT MGT

MGT

mπ

MRGT

q2

j0(qr)

MRGT

MRGT

MGT MRGT

MGT

MRGT

To  understand  the  origin  of  this  large  reduction  of
SRC on the RGT part, we present the transfer momentum
distributions  of  the  matrix  elements    and    in
Fig.  1,  by  comparing  the  results  with  or  without  SRC.
One can clearly see that for  , the largest contribution
comes  from  the  momentum  around  100  MeV  ( ),
whereas for  , the major contribution is dominated by
the region where momentum is around 300 MeV. This is
mainly due to an additional   multiplied by the spheric-
al  Bessel  function    in the  integrand  (8),  which  en-
hances the contribution from higher transfer  momentum.
This  implies  the  importance  of  short-range  contributions
for this  part  of  NME,  which  is  why  the  SRC,  which   al-
ters  the  short-range  behavior  of  various  operators,  plays
an important role here. As shown in Fig. 1, there is a not-
able difference in the results with or without SRC in the
region where q > 600 MeV for  .  When the SRC is
not included, we see no contribution to   from these
high momenta, similar to what is seen for the GT part in
the mass mechanism. But if the SRC is included, the be-
havior for   and   differs greatly; a strong cancel-
lation appears in this  high momentum region for the  lat-
ter.  Meanwhile,  a  cancellation  is  barely  observed  for

.  Therefore,  from Fig.  1,  we  find  that  the  reduction
from SRC for   mainly comes from a drastic distor-
tion  of  the  transition  strength  distributions  as  a  function
of  exchange  momentum.  The  magnitude  of  the  changes
from the  two  SRC's  differs  by  about  20  percent.   Com-
pared to  the  CD-Bonn SRC, the AV18 SRC reduces  the
strength at the low q peak and enhances the high q reduc-
tion. While for the CD-Bonn SRC, the reduction at high q

MGT

overwhelms  the  enhancement  at  low  q,  contrary  to  the
case  of  . This  emphasizes  the  importance  of   cor-
rectly describing the short-range behaviors of the nuclear
force. 

IV.  CONCLUSION

0νββ

MRGT

In this work, the nuclear matrix elements of   un-
der  the  LR  symmetric  model  are  calculated  using  the
QRPA approach for eight nuclei:  76Ge, 82Se,  96Zr,  100Mo,
116Cd, 128Te, 130Te, and 136Xe. The weak-magnetism com-
ponents of the nucleon current are incorporated for NME
calculations. We find that these components in the q term
play an  important  role,  although  they  are  usually   con-
sidered  to  be  suppressed.  This  conclusion  is  consistent
with the previous LSSM calculation [32]. The R term be-
comes  the  largest  term  for  all  LR  symmetric  model
NMEs; hence,  its  contribution  to  decay  rates  is  also   im-
portant.  Furthermore,  we  discuss  the  effect  of  different
SRC parametrizations on the NME. We find that  certain
parts  of  the  NME (e.g.,  )  are  more  sensitive  to  the
SRC than  others  due  to  a  large  reduction  from  the  high
exchange momentum region. 
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FIG. 1. Strength distribution of different components in q
space for MmGT and MqGT+ for 76Ge. For MqGT−, the MM part
changes the sign.

calculation in Ref. [55] by more than a factor of two, but close
to QRPA calculation in Ref. [27]. These discrepancies need
further investigations.

B. Enhancement of MM and PP components for the q term

The weak magnetic current comes out to be an NLO con-
tribution [47]. This argument of power counting is valid if the
exchange momentum is smaller or around mπ . For the NME,
the MM component is a scalar product of two weak magnetic
currents, it is thus supposed to be suppressed. For the light
neutrino mass mechanism, this is the case as MM contributes
only several percent in Ref. [43] and for our calculation. How-
ever, for the q term, a different behavior is observed. Although
the magnitude of MM component is still smaller than AA or
AP as well as PP, its relative ratio to AA is now much larger
than that of mass term. Such behavior has already observed
for the heavy neutrino mass mechanism [43] where the higher
exchange momentum dominates in the momentum (q) space
integration. As seen in above section, the relative ratios of the
MM as well as PP components to AA component have been
shifted from about 10% to more than 50%.

To better understand the large contributions of the MM and
PP components, in Fig. 1, we plot the GT NME’s strength
distribution in q space for both the mass and q terms, for the
mass term such studies have already been done [46,59,60]. We
find that the results in Fig. 1 agree with previous studies for
mass mechanism, while the behaviors look quite different for
the MM parts of these two terms in Fig. 1. The maxima for dif-
ferent components appear at different exchange momenta, this
implies that for different mechanisms, the typical exchange
momentum is different. For the mass term, it is obvious that
the AA component is dominated by the low q ≈ 0 ≪ mπ

region while AP and PP components are dominated by the
region q ≈ mπ . The MM components in this case are also
dominated by contributions from the region q ≈ mπ but is
suppressed by a factor of q/M ≈ mπ/M. For the mass term,

the overall strength is proportional to the product of the form
factor and the spherical Bessel function j0(qr), which has a
maximum at q = 0, this explains the dominance of the AA
component and the relative suppression of other components,
especially for the MM component.

For the q terms, we find that the typical transfer momentum
is around q ≈ 400 MeV, this is due to the fact that the inte-
grand is proportional to the spherical Bessel function j1(qr),
which has a node qr ≈ π/2 instead of zero for rank 0 spheri-
cal Bessel function j0. In Fig. 1, we can clearly see these nodes
of the integrand functions

Therefore, as we have stated above, the naive power count-
ing may apply to the NME calculations only if one takes
into account of the typical exchange momentum q for the
process. For different terms and different components, q may
be different, their effective power counting may differ.

The discussion can be extended to the analysis of MR,
which is the products of axial vector and weak magnetism
currents. Compared to the GT matrix elements from mass
term, there is an additional factor q2 multiplied to the spherical
Bessel function, this then enhances the contribution from high
q > mπ . When multiplied with an extra factor of gM (0) ≈ 4.7,
we obtain MRGT similar or larger in size as MGT, although
naively it is expected to be suppressed. These analyses suggest
that an explicit estimation of the magnitude of NMEs requires
our knowledge on the typical exchange momentum for the
virtually mediated neutrino.

C. Estimations of relative magnitudes of different terms

As has been demonstrated in Refs. [30,39], different terms
may be of different relative magnitudes. Thus we adjust the
expression of the decay width to better explain the origin of
these different magnitudes. A rough estimation for the mag-
nitude for the different terms is given in Ref. [30], suggesting
the dominance of R terms and P terms for η mechanism, and
they also suggest that λ mechanism is dominated by ω term.
In this work, we make a more explicit study of the relative
magnitudes of various terms for different underlying mecha-
nisms. We start by using the standard mass mechanism as the
baseline, since for this term at the leading order, only one term
contributes. Therefore, we define the ratios reI ≡

√
GI/G01

and rNI ≡ MI/M0ν
m to denote the relative importance of the

lepton and nuclear parts. The detailed values of these ratios
are given in Table II, with the rough estimations given at first
columns.

For the nuclear part, we use standard the mass mecha-
nism NME as the baseline. The ω term Mω has O(1). The
magnitude of the non-helicity-suppressed NMEs M0ν

q and
M0ν

P are proportional to q, enhanced with a factor q/me in
our convention. Meanwhile, the relativistic terms [30] M0ν

R
are suppressed by an extra factor of q/MN from the weak-
magnetism term compared to M0ν

q and M0ν
P , here we neglect

the possible contributions from the so-called recoil term
[30,39], which is estimated to be small in Ref. [30].

For the electron part, the s-wave appears at LO [ j0(kR) ∼
O(1)], then the p-wave function, which is connected with r⃗
operator has a magnitude of O(ωR), while the one which is
connected with the r⃗+ operator should have the magnitude αZ ,

045502-6
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TABLE II. A naive estimation of the magnitudes of di↵erent terms from 0⌫��-decay rates (see text). For each term, we have
two sub rows indicating the results from the two di↵erent Hamiltonians: for 76Ge and 82Se, the first sub rows are results from
jun45 and second sub rows results from jj44b; for 130Te and 136Xe, the first sub rows are results from jj55a and the second sub
rows from GCN50:82. re, rN and rR are the ratios of square-rooted phase space factors, NMEs and reaction matrix elements
of each term to the mass term respectively.

rough estimation 76Ge 82Se 130Te 136Xe
lepton nuclear R G0⌫ M0⌫ G0⌫ M0⌫ G0⌫ M0⌫ G0⌫ M0⌫

µ�� O(1) O(1) O(1)
0.24 5.62 1.02 5.26 1.43 5.04 1.46 4.25

5.16 4.50 5.11 4.10
re rN rR re rN rR re rN rR re rN rR

h�i
M! O(✏12/me) O(1) O(1) 1.25

0.78 0.98
1.85

0.78 1.45
1.61

0.78 1.25
1.57

0.78 1.22
0.78 0.98 0.78 1.44 0.77 1.24 0.77 1.21

Mq O(!R) O(q/me) O(1) 0.010
55.1 0.53

0.012
54.0 0.65

0.013
44.2 0.59

0.013
43.4 0.58

53.6 0.51 52.6 0.63 43.7 0.58 42.5 0.57

h⌘i

M! O(✏12/me) O(1) O(1) 1.25
0.69 0.86

1.85
0.69 1.27

1.61
0.66 1.07

1.57
0.66 1.04

0.69 0.86 0.69 1.27 0.66 1.06 0.66 1.04

Mq O(!R) O(q/me) O(1) 0.010
38.1 0.36

0.012
37.7 0.45

0.013
31.3 0.41

0.013
31.4 0.42

38.1 0.36 37.4 0.45 29.6 0.39 29.0 0.39

MR O(1) O(q2/(MNme)) O("�1) 3.02
73.3 221.5

2.96
72.6 214.8

2.97
73.8 219.4

2.97
73.5 218.4

69.4 209.8 70.1 207.4 78.5 233.4 77.9 231.8

MP O(↵Z) O(q/me) O("�1) 0.34
7.40 2.49

0.33
7.65 2.50

0.27
7.97 2.19

0.25
5.41 1.37

5.21 1.75 3.18 1.04 6.71 1.84 4.94 1.25

culation, these results are approaching the so-called in-
verted hierarchy mass region. However, there are results
with extremely small NMEs from other many-body ap-
proaches [65, 66] for this nucleus, which may push the
e↵ective neutrino mass limit to a higher value region.

Current experiments still leave space for the coexis-
tence of di↵erent mechanisms if the neutrino mass in-
deed has an inverted hierarchy. Therefore, in Fig.2, we
choose typical e↵ective neutrino masses and then provide
the constraints for � and ⌘. With current LR symmetric
model, h�i is defined as positive, and  1 =  2 leaves
only one uncertain phase angle. We chose two typical
e↵ective neutrino masses of 50 meV and 3 meV, which
lie in the inverted and normal hierarchy neutrino mass
regions, respectively.

We first consider the inverted hierarchy case. The rela-
tively large m�� leaves a smaller room for the parameter
space of h�i and h⌘i. The most stringent constraints on
h�i is from 136Xe, which requires that h�i be smaller
than about 6 � 7 ⇥ 10�8 depending on both the Hamil-
tonian and the phase angle. The uncertainties (shaded
area) caused by the phase angle are related to the inter-
ference terms (the second and third terms in r.h.s. of
eq.(7) ) and related to the magnitudes of Cm� and Cm⌘,
the latter determines the width of the uncertainty band.
Meanwhile the most stringent constraints on h⌘i from our
calculations come also from kamLAND-Zen, it suggests
that |h⌘i| < 2�7⇥10�10, smaller than the constraints on
h�i. This can be explained by rough analysis of magni-
tudes in previous sections, that the contributions for h⌘i
come out at LO dominated by R term while that for h�i
come out at next to sub leading order (N2LO). For the
other three nuclei, current constraints on h⌘i could be one
order of magnitude larger due to shorter half-life limits.
Especially for 82Se, half-life limit needs to be improved in

the near future from various experiments proposed [67]
to strengthen the constraints.
For a typical normal hierarchy case, we set m�� =

3meV then vary h⌘i and h�i. In Fig.2, the most strin-
gent constraint is again from 136Xe, although now the
constraints are a bit looser than that of the inverted hi-
erarchy case, the di↵erence turns out to be within a factor
of two. Now the upper bounds of h�i is around 10�7, and
the upper bound for |h⌘i| is a bit larger than 6⇥ 10�10.
The uncertainty caused by the phase angle is now much
smaller than at the inverted hierarchy case due to the
smallness of µ�� providing Cm⌘ and Cm� don’t change.
Also, more stringent constraints on h⌘i are due to the
fact that the corresponding amplitude is at a lower order
as mentioned above because the NME for the R term is
enhanced making it a LO contribution. Improved oscilla-
tion experiments on the neutrino mass and their hierar-
chy will provide tighter constraints on these new physics
parameters. With Fig.2, we can see the uncertainty from
NME arising from our choices of Hamiltonians on the
determination of new physics parameters.

IV. CONCLUSION AND PERSPECTIVE

In this work, we calculate the NMEs of the neutri-
noless double beta decay process in the LR symmetric
model for four nuclei (76Ge, 82Se, 130Te, and 136Xe) us-
ing the LSSM approach. We find that the weak mag-
netism component plays a much more important role in
the R term of the ⌘ mechanism and the q term of the
� mechanism than expected. We compare the relative
magnitude of each term and discover that if the three
new physics parameters have a similar size, the relativis-
tic term becomes the dominant one while the p-wave ef-
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FIG. 2. Constraints on the LR symmetric model from current
experimental limit [61,62,62,64]. Here the we take the double beta
decay effective neutrino mass mββ with two typical values 50 meV
(solid lines) and 3 meV (dashed lines) corresponding to IH and NH,
respectively. Here the shaded area comes from the uncertainties of
the phase angle ψ’s with the assumption ψ1 = ψ2. The different
colors correspond to different Hamiltonians one adopts: red (gray)
for j j44b and blue (dark gray) for jun45 for 76Ge and 82Se; red
(gray) for j j55a and blue (dark gray) for GCN50:82 for 130Te
and 136Xe.

Current experiments still leave space for the coexistence
of different mechanisms if the neutrino mass indeed has an
inverted hierarchy. Therefore, in Fig. 2, we choose typical
effective neutrino masses and then provide the constraints for
λ and η. With current LR symmetric model, ⟨λ⟩ is defined as
positive, and %1 = %2 leaves only one uncertain phase angle.
We chose two typical effective neutrino masses of 50 meV and
3 meV, which lie in the inverted and normal hierarchy neutrino
mass regions, respectively.

We first consider the inverted hierarchy case. The relatively
large mββ leaves a smaller room for the parameter space of ⟨λ⟩
and ⟨η⟩. The most stringent constraints on ⟨λ⟩ is from 136Xe,
which requires that ⟨λ⟩ be smaller than about 6–7 × 10−8

depending on both the Hamiltonian and the phase angle. The
uncertainties (shaded area) caused by the phase angle are
related to the interference terms [the second and third terms
in right-hand side of Eq. (7)] and related to the magnitudes of
Cmλ and Cmη, the latter determines the width of the uncertainty
band. Meanwhile the most stringent constraints on ⟨η⟩ from
our calculations come also from KamLAND-Zen, it suggests
that |⟨η⟩| < 2–7 × 10−10, smaller than the constraints on ⟨λ⟩.
This can be explained by rough analysis of magnitudes in
previous sections, that the contributions for ⟨η⟩ come out at
LO dominated by R term while that for ⟨λ⟩ come out at next
to subleading order (N2LO). For the other three nuclei, current
constraints on ⟨η⟩ could be one order of magnitude larger

due to shorter half-life limits. Especially for 82Se, half-life
limit needs to be improved in the near future from various
experiments proposed [2] to strengthen the constraints.

For a typical normal hierarchy case, we set mββ = 3 meV
then vary ⟨η⟩ and ⟨λ⟩. In Fig. 2, the most stringent constraint
is again from 136Xe, although now the constraints are a bit
looser than that of the inverted hierarchy case, the difference
turns out to be within a factor of two. Now the upper bounds
of ⟨λ⟩ is around 10−7, and the upper bound for |⟨η⟩| is a bit
larger than 6 × 10−10. The uncertainty caused by the phase
angle is now much smaller than at the inverted hierarchy
case due to the smallness of µββ providing Cmη and Cmλ do
not change. Also, more stringent constraints on ⟨η⟩ are due
to the fact that the corresponding amplitude is at a lower
order as mentioned above because the NME for the R term is
enhanced making it a LO contribution. Improved oscillation
experiments on the neutrino mass and their hierarchy will
provide tighter constraints on these new physics parameters.
With Fig. 2, we can see the uncertainty from NME arising
from our choices of Hamiltonians on the determination of new
physics parameters.

IV. CONCLUSION AND PERSPECTIVE

In this work, we calculate the NMEs of the neutrinoless
double-β-decay process in the LR symmetric model for four
nuclei (76Ge, 82Se, 130Te, and 136Xe) using the LSSM ap-
proach. We find that the weak magnetism component plays
a much more important role in the R term of the η mechanism
and the q term of the λ mechanism than expected. We compare
the relative magnitude of each term and discover that if the
three new physics parameters have a similar size, the relativis-
tic term becomes the dominant one while the p-wave effect is
suppressed due to the smallness of the P term’s NME. Based
on our nuclear structure calculations, combined with previous
phase space factor calculations, we provide the constraints on
the three new physics parameters under current experimental
limits. Future calculations using more many-body approaches
are needed for calibrating the NME.
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Mechan. Identification 

❖ The long range mechanism can be identified by the spectra and angular distribution
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TABLE VI. Upper bounds on the effective neutrino mass mββ

and parameters ⟨η⟩ and ⟨λ⟩ associated with right-handed currents
mechanisms imposed by the constraints on the 0νββ decay of
76Ge (T 0ν

1/2 ! 3.01025 yr [25]) and 136Xe (T 0ν
1/2 ! 3.41025 yr [26]).

Nuclear matrix elements of the interacting shell model (ISM) [23]
(MGT is from [24]) and quasiparticle random phase approximations
(QRPA) [22] are used in the analysis. CP conservation is assumed
(ψ1 = ψ2 = 0). The standard electron wave functions (w.f. A) [6]
and screened exact finite-size Coulomb wave functions (w.f. D) are
considered.

w.f. 76Ge 136Xe

A D A D

QRPA
|mββ | (eV) 0.321 0.333 0.285 0.315
|mββ | (eV) for ⟨η⟩ = ⟨λ⟩ = 0 0.271 0.284 0.251 0.285
109⟨η⟩ 3.093 3.239 2.077 2.337
109⟨η⟩ for |mββ | = ⟨λ⟩ = 0 2.652 2.807 1.840 2.118
107⟨λ⟩ 4.943 5.163 3.822 4.370
107⟨λ⟩ for |mββ | = ⟨η⟩ = 0 4.841 5.068 3.792 4.349

ISM
|mββ | (eV) 0.515 0.535 0.222 0.245
|mββ | (eV) for ⟨η⟩ = ⟨λ⟩ = 0 0.436 0.458 0.194 0.220
109⟨η⟩ 6.370 6.760 2.975 3.291
109⟨η⟩ for |mββ | = ⟨λ⟩ = 0 5.464 5.863 2.628 2.976
107⟨λ⟩ 8.462 8.841 3.000 3.378
107⟨λ⟩ for |mββ | = ⟨η⟩ = 0 8.304 8.694 2.949 3.336
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FIG. 5. (Color online) Limits on the effective neutrino mass mββ

and right-handed parameters η (left panels, ⟨λ⟩ = 0) and λ (right
panels, ⟨η⟩ = 0) implied by the constraints on the 0νββ decay of
76Ge (lower panels, T 0ν

1/2 ! 3.01025 yr [25]) and 136Xe (upper panels,
T 0ν

1/2 ! 3.41025 yr [26]). To derive the bounds, the values of nuclear
matrix elements calculated within the ISM [23] and the QRPA [22] are
used. Results are presented for approximate electron wave functions
(type A) and exact Dirac wave functions with finite nuclear size
and electron screening (type D). Ellipses show the boundaries of the
allowed domains.

VI. DIFFERENTIAL DECAY RATES FOR
LIMITING CASES

It is of interest to consider the angular correlations of the
emitted electrons and the single-electron energy spectrum for
the three limiting cases of lepton number violating mecha-
nism, since with sufficient experimental accuracy one could
distinguish between decays due to coupling to the left-handed
and right-handed hadronic currents. It is assumed that some
future 0νββ-decay experiments, e.g., the SuperNEMO [27]
or NEXT [28], will have a unique potential to measure the
electron tracks and thus to observe the decay electron angular
correlations and individual electron energy spectra.

The differential rate for the 0+ → 0+ 0νββ decay with the
energy of one of the emitted electrons ε̃1 (ε̃1 is the kinetic
energy fraction with respect to Qββ of one electron, i.e.,
ε1 = ε̃1Qββ + me and ε2 = Qββ + 2me − ε1) and the angular
distribution with the angle θ between the two electrons for
three limiting cases can be written as follows:
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FIG. 6. (Color online) The single-electron differential decay rate
normalized to the total decay rate vs the electron energy ε̃ [ε̃ =
(ε − me)/Qββ ] for 0νββ decay of 76Ge [left panels (a), (c), and
(e)] and 136Xe [right panels (b), (d), and (f)]. Results are presented
for mechanism determined by factors |mββ |2 (⟨λ⟩ = ⟨η⟩ = 0) [panels
(e) and (f)], |⟨λ⟩|2 (mββ = ⟨η⟩ = 0) [panels (c) and (d)], and |⟨η⟩|2
(mββ = ⟨λ⟩ = 0) [panels (e) and (f)]. Approximate electron wave
functions (w.f. A) and exact Dirac wave functions with finite nuclear
size and electron screening (w.f. D) are considered. Nuclear matrix
elements calculated within the ISM [23] and the QRPA [22] are used
in calculations.
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FIG. 7. (Color online) The angular correlation factor [see
Eq. (55)] vs the electron energy ε̃ [ε̃ = (ε − me)/Qββ ] for 0νββ decay
of 76Ge [left panels (a), (c), and (e)] and 136Xe [right panels (b), (d),
and (f)]. Results are presented for mechanism determined by factors
|mββ |2 (⟨λ⟩ = ⟨η⟩ = 0) [panels (e) and (f)], |⟨λ⟩|2 (mββ = ⟨η⟩ = 0)
[panels (c) and (d)], and |⟨η⟩|2 (mββ = ⟨λ⟩ = 0) [panels (e) and (f)].
Approximate electron wave functions (w.f. A) and exact Dirac wave
functions with finite nuclear size and electron screening (w.f. D) are
considered. Nuclear matrix elements calculated within the ISM [23]
are used in calculations.

(i) Case mββ ̸= 0 (⟨λ⟩ = 0 and ⟨η⟩ = 0):

d& = g4
A|MGT |2

( |mββ |
me

)2

dCmm. (51)

(ii) Case ⟨λ⟩ ̸= 0 (mββ = 0 and ⟨η⟩ = 0):

d& = g4
A|MGT |2⟨λ⟩2dCλλ. (52)

(iii) Case ⟨η⟩ ̸= 0 (mββ = 0 and ⟨λ⟩ = 0):

d& = g4
A|MGT |2⟨η⟩2dCηη, (53)

where

dCmm = (1 − χF )2dG01,

dCλλ = χ2
2−dG02 + 1

9χ2
1+dG011 − 2

9χ1+χ2−dG010,

dCηη = χ2
2+dG02 + 1

9χ2
1−dG011 − 2

9χ1−χ2+dG010

+χ2
P dG08 − χP χRdG07 + χ2

RdG09, (54)
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FIG. 8. (Color online) The angular correlation factor [see
Eq. (55)] vs the electron energy ε̃ [ε̃ = (ε − me)/Qββ ] for 0νββ decay
of 136Xe. Results are presented for the |⟨λ⟩|2 term (mββ = ⟨η⟩ = 0).
Approximate electron wave functions (w.f. A) and exact Dirac wave
functions with finite nuclear size and electron screening (w.f. D) are
considered. Nuclear matrix elements calculated within the ISM [23]
and the QRPA [22] are used in calculations.

with

dG0k = d cos θd ε̃1
G4

βm2
eQββ

64π5R2
(h0k(ε1,ε2,R) cos θ

+ g0k(ε1,ε2,R))p1p2ε1ε2

≡ ak
0 + ak

1 cos θ, k = 1,2, . . . ,11. (55)

Here, ak
0 and ak

1 are angular correlation coefficients. G0k =
ln 2G0k .

The differential decay rate can be written as

d&

d cos θ d ε̃1
= a0(1 + a1/a0 cos θ ). (56)

Here a1/a0 is the energy-dependent angular correlation coef-
ficient, which depends also on the chosen limiting case for
lepton number violating parameters.

In Fig. 6 the single-electron spectra normalized to the total
decay rate are shown as function of the electron energy ε̃ for
the 0νββ decay of 76Ge and 136Xe due to nonvanishing mββ ,
⟨λ⟩, and ⟨η⟩. This quantity, ideally accessible experimentally,
depends only very weakly on the chosen isotope, the set of
calculated nuclear matrix elements, and whether a standard or
improved description of electron wave functions is used. The
different characteristics of these three limiting cases provide a
possibility to identify which of the parameters is responsible
for 0νββ decay.

In Fig. 7 the angular correlation factors a1/a0 are presented
as a function of the electron energy ε̃ for the 0νββ decay
of 76Ge and 136Xe due to nonvanishing mββ , ⟨λ⟩, and ⟨η⟩.
The ISM nuclear matrix elements are considered. The results
slightly depends on the type of electron wave functions and
manifest similar behavior for both isotopes. In Fig. 8 the a1/a0
behavior in detail for the ⟨λ⟩ limiting case is shown. Note that
results in this case are affected more significantly by the choice
of nuclear matrix elements and that the choice of electron
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Conclusion

❖ We calculate the NME for LR symmetric models with neutrino mediated 
neutrino mechanisms

❖ We find different behaviors for these NMEs other than that for mass 
mechanism

❖ Discrepancies between QRPA and Shell Model is also observed 

❖ We compare our formalism with master formula and decent agreement is 
achieved
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