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Feynman integrals
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Basis computational tool in quantum field theory
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Feynman integrals, nowadays

It 1s still a basic tool in quantum field theory;
Crucially for precision high-energy physics, formal theories,

Differential

equation \

Transcendental

Algebraic

Structure

Feynman
integrals

Computer

Functions Science

The main focus 1s on multi-loop Feynman Integrals

Significant progress after 2010
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New analytic results on Feynman integrals

2-loop Feynman mtegrals for pp -> Hj

2-loop Feynman mtegrals for pp -> tt

2-loop Feynman integrals for pp -> 5 jets

2-loop Feynman itegrals for pp -> H + 2 jets

3-loop 4-point Feynman itegrals with one-massive external line
4-loop form factor Feynman integrals

4-loop analytic electron g-2 Feynman integrals

J-loop 4-point massless Feynman itegrals (UV part

D1 Vita, Gehrmann, Laporta, Mastrola, Pierpaolo, Primo, Schubert, Ulrich

von Manteuftel, Panzer, Schabinger

Bonciani, Del Dueca, Frellesvig, Henn, Hidding, Maestri, Moriello, Salvatori, Smirnov
Bern, Carrasco, Chen, Johansson, Roiban, Zeng

Ita, Page, Samuel, Zeng

Chicherin, Gehrmann, Henn, Wasser, YZ., Z.o1a
)



Why analytic Feynman integrals?

® Once the analytic expression 1s obtained, the phase point generation 1s extremely fast

® Avoid unstable numeric phase points
® Understand the deep structure and hidden symmetry in quantum field theory

® and yes, we can.

see also developments in numerices

Sector decomposition + GPU

+ quasi-Monte Carlo https://secdec.readthedocs.io/en/stable/

numeric differential JHEP 05 (2020) 149, Czakon and Niggetiedt

equatlon and the
6 reference therein



Mainstream Analytic Methods

Most used

® Canonical differential equation (Henn 2015), in terms of polylogarithm

® Partial fraction + recursive integration (Panzer 2015), package: Hyperlnt, in terms of polylagarithm
® LKlliptic Canonical Differetial Equation (Broedel, Duhr, Dulat, Tancredi, 2018), in terms of elliptic
polylagarithm

Sometimes magic

® Mellin-Barnes

® Dimension Recursion Relations (L.ee, Smirnov 2012),
usually numeric, but sometimes provide analytic result for complicated mmtegrals
® [ntegral Bootstrap (Chicherin, Henn, Mitev 2017)

can easily get the “nice” integrals, eg. conformal, in an integral family



This talk 1s about using computational algebraic geometry methods
for
the analytic Feynman integral computations
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Outhne

® Analytic Feynman integral computation, an overview
® Computational Algebraic Geometry method for Feynman integrals

I. Module hift method for Ul integral searching
2. Syzygy method for complicated 1BP computations



Based on

Bendle, Boehm, Heymann, Ma, Rahn, Wittman, Ristau, Wu, YZ 2021

“Two-loop five-point integration-by-parts relations in a usable form”, 2104.06866

Boehm, Wittmann, Xu, Wu and YZ

“IBP reduction coefficients made simple ” JHEP 12 (2020) 054

Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia

“All master integrals for three-jet production at NNL.O”, PhysRevl.ett. 123 (2019), no. 4 041603
“Analytic result for a two-loop five-particle amplitude”, PhysRevl.ett. 122 (2019), no. 12 121602
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Analytic Feynman integral computation
an overview
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Canonical Differential Equation for Analytic Feynman integrals

Feynman integrals

l 4— Syzygy method

master integrals

l 4— Module Lift method

UT Feynman mtegrals

l e

Canonical Differential Equation

It 1s usually easier to compute
Feynman mtegrals with differential equations
Analyti(} Feynman Inte grals than by a direct integration.
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From Feynman integrals to master integrals

lFor a scattering process, there are a huge number of integrals

After a tensor / dP 1, / dPlr, 1 negative index means

. : . , o; € /7,
reduction i D /2 i D /2 D7t ... Dz"“ ’ ’ the numerator

IBP reduction

at the two/three loop orders,

IBP reduction can reduce millions of Feynman integrals to hundreds of master integrals.

4P, dPl; O o |
Dz | D/ 0[? Do .ng = ( Chetyrkin, Tkachov 1981
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IBP reduction

/ APl / dPl, 0 vl -
iwP/2 77" | inP/2 91 DY ... DYE

Usually by choosing different vectors, we also have a huge number of 1BP relations

To get the complete reduction: Gaussian Elimination (Laporta algorithm 2000)

Two 1ssues:

The Gaussian Elimination 1s computationally heavy, sometimes

the most time consuming step for a scattering amplitude computation

The IBP reduction coefficients may be too large to use.

Problem 1: Can we shorten the I1BP reduction coefficients?

14



Differential Equation for Feynman Integrals

d=4—2¢ I(X, €) master integrals as a column vector
Can be used both
Kotikov 1991 i ](_ ) _ 4, (_ ) ](_ ) numerically and analytically
(Rotikov > 5’?61' Ay €) = Ailk, €)1, € eg. Gehrmann, Remiddi 1999,

Papadopoulos 2014,
Liu, Ma, Wang, 2018 ...

is similar to Christoffel symbols in general relativity
transform ihomogencously with a change of master integrals

Different choices of the master integrals change the DE dramatically.
The simplest choice 1s
the integrals with uniform transcendental (U'l') weights, which gives

Canonical Differential Equation

15



What is Uniformly transcendental (Ul') integrals?

T(og)=1,T(m)=1,T() =nTLi,) =n,....T(fi) =T(1) +T()

also require the 1st derivative has the transcendental weight n-1

[ = (overall normalization) X Z &, T =k
k=0

113 1 1
1—2e¢ , , . 2 I . 2\ 2 3
><><2 (512) (46 P T (345 277)6—|—96( 256¢(3) + 2595 — 267°) € —|—0(e)> ot UT
e I m? - 32¢(3)e | 1974€? | ;
>’<:>‘< (512) ( 2 g 3 T 0 O(E ) UT
2

Y 1 m*  8C(3) 197*
A (Slz) | 2<_464 I 24¢* Jl 3(6) Jl 480 I 0(61)> UT

U'l" basis 1s also good for numeric computations
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UT Integral = Canonical DE

I = (overall normalization) x Z &, T(h) =k
k=0

aij()_c, e) — e;ll-()_c)j()_c, e) Canonical DE

Feynman integrals are the iterated mtegration of rational functions = polylogarithm functions

[(x) = Pexp (E /c dA)](xO) Analogy of perturbation theory ot QF'T
T path-ordered (Dyson series)

Chen’s (BRE ) iterated integrals, homotopically invariant
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UT Integral = Canonical DE Henn 2013

(%7(366 eAd;(X)1(%, €) /
/ (Z 8log W) mz)j(x )

Symbol letters

Proportional to €

~ Constant matrix

The first line ensures that the equation can be solved perturbatively in e

The second line ensures that the solution 1s the polylogarithm function in symbol letters

Analogue of the interaction picture i quantum mechanics

aixl](x €) = A;(X, e)I(X, €) lh—|¢> (Ho + eHy)|Y)

j()_c, E) — T()_Cv 6)1(3_67 E) l l |¢>I — eiHOt|¢>

a%}(x €) = ed; (X)X, ¢) zh—lwz = cH;(t)|9)1
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To find UT integrals

@ A massless scale box integral with the overall factor “st” 1s Ul

4 ZLOg[E] 4 ?
ste?  (sthe 3 (st)
Log[z] (137T2+6Log[§] (117T+Log[§])) 27 (7 +1Log

[
65_t S

|) Log[1+ %]

S
+

f_',(hlr'i'

2irnlog[1+t]? 2Log[t]Polylog[2, -2] 2Polylog[3, 1+ ¢]

+ + *
4 PolyLog|3, —E] 2 PolylLog|3, 1+ E] 40 Zeta[3] 2
+ - e +0[€g]

But we’d better to “guess’ Ul integrals before we get the analytic result

20



Applications of
Computational
algebraic geomelry



One main difficultv for analvtic scatterineg amplitude computation 1s to deal with
Y ) 2 P P
polynomials, rational functions:

Simplity the differential equation
polynomial coefficients for IBP reductions

The key to polynomial/rational function problems
1s computational algebraic geometry

22



Algebraic Geometry

S\ ') !

/’ uz-

\ & |
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Algebraic geometry originates from the study of curves/surfaces defined by
multivariate polynomial equations.

Modern algebraic geometry generalised these geometric objects to abstract
objects (like scheme), and has been applied to number theory, complex analysis

, topology and physics.
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Computational Algebraic Geometry (CAG)

Algebraic Computer
Geometry Algorithms

originated 1n 1970s
thrive from 2000s

Computational

Algebraic Geometry

Personally | learnt CAG from

Professor Michael Stillman.

Bruno Buchberger, Frank-Olaf Schreyer, Jean-Charles Faugere
David Eisenbud, Michael Stillman, Daniel Grayson, Woltram Decker ...



CAG 1n one shde

“(GGaussian elimmation”

. for several multivariate polynomials
Groebner basis

Buchberger algorithm
Trinity of CAG
Syzygy Lift
Solve homogeneous linear equations Solve inhomogeneous linear equations
with polynomial solutions with polynomial solutions

Schreyer algorithm



Application of
Computational Algebraic Geometry
for UT itegral searching



We show how

to use computational

UT integral searching

algebraic geometry

based on the properties of Feynman integrals to help these computations

4D leading singularity (residue) Henn 2013, 2014
Baikov leading Sil’lgulal‘ity <residue> Chicherin, Gehrmann, Henn, Wasser, YZ., Zoia, 2019

dlo o mte grand construction Henn, Smirnov, Wasser 2018 Chen, Jiang,Xu,Yang 2019
iitial algorithm Dlapa,Henn,Kai, 2019
based on the transtormation of a canonical differential equation

Lee’s algorithm 2014 Lee, 2019

27



UT integral usually has constant residues

residues in 4D
@ e EE— (_17 _|_1)

uUrT

It 1s much easier to compute residues than Feynman integrals, so
residue analysis can be a good approach for Ul searching.

ideas from the study of N=4 SYM
Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010

28



Use residues to find Ul integrals: the reality

sometimes, 1t 1s necessary to consider D-dimensional residues

N Baikov parameterization
le]_ leL ]. F 2 .
= C(sij, L, E, D) [ dz1 ... dzp—; a duality of

inP/2 - ) inP/2 DI L DY 21t 2t

Feynman parameterization

Chicherin, Gehrmann, Henn, Wasser, YZ, Zo1a, 2019

IFrequently, it 1s necessary Lo consider a complicated numerator as a Ul candidate

dD ll leL N COHtaiﬂS
/z’wD/2 ”'/mD/Z D, ...D, loop momenta

N = Z fa(sii) x (scalar product)®

29



Ul numerator

Requirement for getting constant residues or other

_ constant

lar P Q 4 vectors
S x R(M) ~ (1,0,...,0,...0)

\ D;...D,

It would better to be polynomials in Mandelstam variables

to avoid unphysical poles

If we solve the equation for f,’s above as a linear equation, the solutions
generators are usually rational functions not polynomials!

We need the CAG method “1.aft”

30



Laft

“Laft” means to find linear solutions with polynomial entries only

Example: [=(F—x—x—1,x+y+2,x*+y*—1), Z(I) = (. By Hilberts’ Nullstellensatz,
1 € [, 1.e., there exist polynomals f1, /5, 13

L =fie )0 =X —x = 1)+ /() (x+y+2) +A(x,0)( +y* 1)

But Hilbert did not say how to find such f;’s.

It can be solved by the “Lift” computation in CAG.

The key is to recursively pick up a pair in {y* -z’ —x—1, v+y+2, x*+y*—1},
eliminate the highest degree monomial (Groebner basis computation), until we
oget the number 1.

4
f1 = —§(1 —|—y)
1
fo = §(2 — 5x — 3y + 2zy° + 29°)

1
f3 = §(5 — 4z — dxy — 2y°)

31



EXample Chicherin, Gehrmann, Henn, Wasser, YZ., Zoia, 2019
2

3 poles, 10 possible scalar products

10
> faMag=bg, B=1,...8
k‘l k‘2 a=1
5
with b = (1,0,0,—1,0,0,0,0)!, SINGULAR provides the solution for f’s,

ek

0

4512823 (S12 — 2545)
4512534545
4512815 (S12 — S45)
0
A computer algebra system 0
for CAG —4512515

—4512 (S12 — S45)
—4512 (S23 + S45)
—4519 (S12 — S34)

Find all UT integrals

on this sector

32



Analytic Feynman integral computation example

Traditional way: 1.4 GB

0 /

—I1 = A;1
8xl-

It took 3 months on UZH cluster to do the algebra ...

1 5]

Canonical differential equation and U'T:

aXi \
Canonical

o MB

33



Examples: 2-loop 5-point nonplanar DE

New method: i 31 i
dl(s;;€) = € Z ard log [(s;; €)
HE1

‘ﬁ
.
.
.
.
.
.
*
.

31 (108,108) matries with symbol letters
rational number entries,

fitted numerically, 2991 kB R LR R R R SRR :

V1V — Vo3 + V3V4 — V1V5 — VU5 — VA

Y]
V1V — V2U3 + U3V4 — V105 — V405 + VA

Wi = wv Wg = v3 + v Wi = vy —wv Wi = v1 + v9 — v
1 1y 6 3 4 11 1 4 4 16 1 2 45 - et ) ) .:W 01V + Vo3 — V34 — V1Us - Va5 — /A
_ _ _ _ * Woo = v4+v5 —v2 —v3, [*Wor = o
Wo= vy, Wr= vg+us, Wig = vo —vs, Wiz = va+v3—v5, - Lo — 01V 4 VoU3 — V3V4 — V1V5 + Vavs + VA e
W3 = wg, Ws = v + v, Wiz = vy — v, Wis = v3+v4 —v1, . . —V1V2 — V2U3 + V3V4 + V1V5 — V45 — VA
.W23:US+U1_U3_U470.W28: \/Z’.
Wy= vy, Wog= v1+wg, Wia = v4—va, Wig= vg4+v5—02, _U1U2—U2v3+vw4+vw5_WUST/Z :
. oo V1V2 — VU3 — V3V4 — V1V5 + V4V5 —
Ws = vs, Wip= va+v3, Wis= vs—v3, Wop=vs+v1—v3, W= v1+v2—v4-05, Wy= )
. °e V1V — VU3 — V3V4 — V1VU5 + V4V + VA
o oo —V1V2 + VU3 — V3V4 + V1U5 — V4U5 — VA
o o . o L « Wos = v +w3 —ws —vr, Wz = -
Vi = 812, V2 =— 8§23, V3 — 834, V4 — S45., V5 — §15 . - —V1V2 + V23 — V3V4 + V1V5 — V4U5 + VA .
only for nonplanar odd letters

Wi = VA,

Boundary conditions are determined by the physical limits
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Analytic Feynman integral: Solution

implemented i Ginac

1 o dt
G(0,...,0;2) = g(logz)k, Glay,...,a;z) = /0 G(as,...,a;t)

N—— t —ay
k

Chicherin, Gehrmann, Henn, Wasser, YZ., Zoia, 2019

All 2-loop 5-point massless integrals are analytically evaluated
Goncharov polylogarithm (or simpler logarithm) up to weight 4

A tny example: Caron-Huot, Chicherin, Henn, Peraro, YZ., Zoia 2020

4

[= Elzf@ + éf@ + Y+ 0O(e) .

L.eading part:

1 1 1
2 = —3|Liy( — | — Li,( W Li,( — | — Li
f [ 12(W27> 12( 27) T Wos 2 W7 Wag
— L1y <W28> + L (W27 W28>] :

35



Again, why analytic
2-loop 5-point massless integrals in the physical region

Analytic (our result) Numeric (pySecDec)

with one CPU, GiNaC

NVIDIA Tesla V100 GPUs

~ minutes for one point, 10+ digits

I week to get one numeric point
error estimated to be ~0.5%

36



Application of
Computational Algebraic Geometry
for 1BP reductions



An Example
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Q) ()

2p
0
0
P
0

2loop Spoint nonplanar massless integrals with the numerator degree up to deg 5

Analytic IBP reduction coefficients
can be obtamed, but huge ...



L.ook at one example, a 5-page long coethicient

(—64€s15°845" — 16815 545" +64€834° 545" +16534°545" —4€512815°845' — 812515°845
— 4681283428457 — 812834°845" — 192€3158342845" — 4831583428457 — 4863238348457
— 123838348457 — 48€8152823845" — 128152823845" +12€812815823845" + 3812815823845
+ 192€5152834845" + 485152834545" + 8€812515834845" + 2512515834545 '

— 12€812823834845" — 3812823834545' + 96€815523834845" + 24815523834845"

— 64es15545° — 16515%545° + 128e534%545° + 32834 545° + 248es12515°545°

+ 62512815%845% — 196€512534%545% — 49512834%545° — 320€5155343545°

3

6 2. 2 6
845 + 12€812°815"845
6

- 8081583438456 - 352682383438456 - 76823834
+ 3812%815%845% — 12€815%893%845° — 331228937 845° + 96€515% 9232545
+ 243152823%845°% — 96€312815823%845% — 243128159037 345% + 8es122834% 845
+ 28192 534%545° + 192€315%834%845° + 4881579347 545° + 144€523% 5342 545°
+ 3632325342845° + 640€312515534%845° + 1608128158342 845° + 264€512823834% 845
+ 54512823834°845° + T84€515523834°845° + 172815823834°845° + 80€815°823845°
+ 208153823845°% + 176€5128152823845° + 44512515%823845°% — 24€512%515823845°

6

6

— 6512°515923845° + 64€815°834845° + 16815°834845° — 692€5125157534945°

— 1738128152 834845° — 12€312803°334845% — 3512823%834845° — 240€315823°834845°
— 60315323%934845% — 20€8122515834845°% — 5512%815834845° + 28€512%923934945°

+ 78122 823834845° — 512€815°823834845° — 1165152 823834845° — 440€812815823934845°
— 98512815523834845° + 64€834°845° + 16834°345° + 252€812815%545° + 63512815%545°
—876€312834" 545" — 94812834 845° — 64€515534* 345" — 16515534 % 545° — 560€523534*545°
— 116823834 845° — 360€3122515%845° — 908122 815°845° + 24€312893%545°

+ 651228233 3 3 5

+ 3981281582338455 -+ 25668122834

- 48815283438455 + 6726823283438455 + 1448232834 8455 + 1056681281583438455
+26481231583438455 -+ 1164631282383438455 -+ 23181282383438455 + 1088681582383438455
+ 236315823834°845° — 12€812° 35152 2845° + 32€812°92323845°

+ 8512°823%845° 5

— 9281581528237

— 812°8342845% + 320€81535342545° + 8051535342 845° — 144€39333342345

5 2 5 3
845° — 12815823 845° + 156€312815823° 845

3845° + 648192 834°
3

845° — 48€s15%323
3455 - 1926815283438455

845° — 38123815
— 32€515°523°845° — 8815°823°845° — 368€512515%923% 845
345° + 236€815°815923°845° + 5981228158232 845° — 4€81228342845°

5

— 36823383428455 — 7326812815283428455 — 183812815283428455 — 8326812823283428455
— 1843128232 834%845° — 1152€8158023% 8347 845° — 2408158232 8347 845°

— 884€812°815834%845° — 2218128158347 845° — 464€312% 823534 845°

— 8081228239347 845° — 416€315%823834°845° — 104815%823834%845°

- 2208681281582383428455 - 46881281582383428455 + 80681548238455

+ 20815%353845° — 264€512515°323845° — 66312815° 3238457 — 2208122 315%893845°

— 5581228152823845° + 4€3123815823845° + 8123
— 32515*534545° — 200€812815°534845° — 50512515° 534845 + 60€512823° 534845
+ 15812823%834845° + 192€315823°834845° + 48315823° 2 5

5 4 5
815823845 ° — 128€815° 834845
5
5 988 2
834845 + €812°815 834845
24751025, 5 1 19851928002 51 395 26 .25, 5.5
+ 8127815834845 + €81278237 834845 + 3281278237 834845
+ 5126815282328348455 + 104315282323348455 + 796681281532328348455
2 5 3 5 3 5 3 5
+ 175812815823°934845° + 16€812°815834845° + 4812°815834845° — 20€812° 823834845
3 5 3 5 3 5 2 5
— 5812°823834845° — 192€815"923834845° — 36815 823834845 + 1308€812815° 823834845
+ 3033128152823834845° + 632€8122815823834845° + 1225122815523534545°
4 4 4 4 4
—18468128345845 —468128345345 +6468158345845 +168158345845 —25668238345845
— 5282383458454 — 3726812281548454 — 93812281548454 — 126812282343454
2 4 4 4 4 4 4 2 4 4
— 38127823 845 — T2€812815823 845 — 18812815323 845~ + 368€812°834 845

page 1



L.ook at one example, a 5-page long coethicient

+92512%834% 545" — 192€515%834% 545" — 48815%834" 545" + 912€823%534% 845*

+ 180823%834%845* + 240€512515834845* + 60512815834 845* + 1520€512823834*545%
+ 308512823834% 4345* + 52815823834 845" + 232€5123815%545*
+ 58812°815° 845" — 52€812°923°845" — 18812°823% 545" + 148€512815°823% 845"

+ 373128152 823% 845* — 384€8122 815823 345* — 968122815823 845* — 124€312%334%345
— 31812°534%845" + 192€515°534%545* + 48515°534% 845" — 544€523°834%545*
—124853%834% 845" +572€8128152 8343 845% + 1438128157 8343845 — 2284€5128232 8343545
— 463512823°834° 845" — 1392€515803°834° 845" — 264315823834 845
- 11606812281583438454 - 290812281583438454 - 1668681228238343845
3845* + 512€815%823934%845* + 928152 823834% 845

— 2708€312815823834° 845" — 605812815823834° 845" + 4es12% 8157845 + 8128157 845"
- 286812482328454 - 731248232 8 2 4

8454 + 208€815823834
3

4

4

— 3218122823834

845* + 176€s12815° 8237845 + 44812815°523% 845
+ 588e812%515°823 2845 + 147812°815%823°845" — 156€812° 5158237 845"

— 39812°815923%845* — 64€s15% 8342845 — 168158342 845" + 48es23* 9347 545*
- 12823483428454 - 11286812815383423454 - 282812815383428454 + 9206812823383428454
-+ 218812823383428454 -+ 7206815823383428454 - 156815823383428454

+ 832€s122815%8342845* + 20851228152834%845* + 1508€512% 82328342 845"

+ 317812%823°834° 845" + 416€515°523° 8347 845" + 808158238347 845"

+ 2628€81281582328342845" + 50181281592328342845* + 560€812°5155342845%

+ 140812°515834% 845" + 460€512° 8238347845 + 798128238347 845*

- 6246815382383428454 - 13281538238342 2 4

845* + 1124€812815%823834% 845

+ 3178128152 823834% 845" + 2424€8122 8158238347 845* + 5108122 815823834%845"

— 252€812815"823845" — 63812815 923845" + 292€812%815° 823845

+ 738122815°823845* + 80€8123815% 823845 + 208123515%523845% + 16€312% 515823845
+ 4815 515823845" + 500€812815* 834845" + 125812815 534945* — 36€812823"534545"
— 9812823%834845* — 48€815823* 834845* — 12815823%834845* + 332€812% 815 834845*

+ 8351228157 834845" — 324€512%823° 834845 — 818127 5823° 834845"

— 176€815%823°834845" — 32815°923° 834845 — 400€312815823°534845"

— 88312815823° 934845 — 668€812° 9152934845 — 167812%815%834845*

— 228€812°823% 934845 — 57812°823%834845" + 64€815° 8237534845 + 4815° 8237 834845"
— 1068€3128152823%934845" — 219812815%823%834845* — 664€5122815923% 934945

— 106812%815823% 834845 — des12% 815834845 — 812%815834845* + des12% 823834845
+ 812%823834845" + 160€815* 523834845 + 40815% 523834845 + 316€512815° 523834845
+ 43512815°823834845" — 1228€512% 815823834845 — 307512258157 823 834845

— 300€812°815823834845" — 39812°815823834845" + 120€815834° 845°

4

+ 808122834° 845> + 384€32328345845° + 72823%834° 845 — 184€812815834° 845>

— 46512815834 845° + 632€512823834°845° + 134512823834°845° — 192€815523834°845°
— 36515823834 845° + 244€312%815 845> + 61812%815%845% + 4es12% 323% 5453

. n -‘3123-‘3234
— 30812%834% 345> — 656€323°3341845° — 140823% 334" 345 + 616€312815%834% 345
+ 1548128152 834%845° — 2256€812823% 834 845 — 4443812823 834% 545>

— 288€515523°934" 845> — 48515823 834% 845 — 176€812°515834% 545

— 44519%315934% 345 — 1512€512%823934% 345> — 306312%323834% 545°

+ 464€s15°823834" 845° + 928152823834 845 — 504€512815823834% 845° p a ge 2

4. 3 4. 3. 3 4. 3. 3 4. 3. 3
— 150812815823834 845" — 56€812°815° 845" — 1481278157 845" + 52€8127 823" 845
) 3

3 2 4 3 2 4 3 3 4. 3
845" + 124€812°815823 845" + 318127815823 845" — 120€812"834 845
3

4 3 3 2 2 3 2. 2 3 3 3 3
+ 138127823 845" — 112€812°815823 845" — 288128157823 845" + 360€812" 815823 845



L.ook at one example, a 5-page long coethicient

+ 90812°515823845% + 160€523"534° 845> + 40823 534%845° — 680€512515°834%845°
— 170812815 834% 845> + 1940€812823° 834%845° + 437312823% 8343 845>

+ 800€s15823°834>845° + 152815823°
— 172812%8152834°845° + 3184€8122823%834° 845° + 65281228932 834° 845

— 320€81528232834%845° — 5691529032834° 38453

3. 3 2. 2. 3. 3
834°845° — 688€812°815°934" 345
3
3 + 2480 2
845" + €812815823° 834" 845
459 25, 8. 3 1 BAdeg,d 34,3 1 1368153 3 3
-+ 812815823 834 845 + €812 815834 845 + 812" 815834 845
*+ 10326812382383438453 + 198812382383438453 - 3526815382383438453
3 3 3 2 3 3 2 3
— 76815° 823834 845" — 1072€812815°823834" 845" — 160812815°823834" 845
+ 1808€8122815823834°845° + 4288122 815823834°845° + 8€812°823% 845>
+ 281558052 3. 2 3. 2

3

3 2 3 2 3 3. 2. 2.3
845" — 276€812°815°823°845° — 69812°815°823°845° — 496€812°815°823 845
1945153812 80a284x3 — 3065104 2, 3_gg 4 2, 3. 048 4 2. 3

812" 815823845 812" 815823 845 812 815823 845" + 248€812815 934845

4. 2. 3 4. 2
+ 62812815 834°845° — 348€812823" 834
2

3 4. 2. 3

845" — 87812823 834“ 845

8453 -+ 14206812281538342845

35542845
2 3 2 3 2 3 2 8 3 2

— 144€815°823" 834 845" — 12815°823"834 845" — 1336€812815923° 934345

-— 262812815823383428453 — 3486812381528342 2 2

4. 2. 3 4 3
— 160€815823 834“ 845" — 40815823 834

- 3558122815383428453 - 168868122823383428453 - 3988122823 8

3

3 3 3
845" — 8781278157834 845

3. 2. 2. 3 3. 2. 2.3 3. 2. 2. .3
— 1536€812" 823834845 — 336812°823°834°845" + 224€815"823°934° 845

+ 32815°823% 834 845° — 808€812815°823°834%845° — 1788128152823 8342 845"

— 2064€315% 31582328347 845> — 3488122815823 8342 845> — 124€812% 8158347 845°
—81812* 8158342 845° — 212€812*823834°845° — 41812 8238342 845" + 80€s15* 823834 845°
+ 208158238347 845 + 1428€312815° 9238342 845> + 297812815823 8347 845°

— 588es1228152823834%845° — 23181278157 8239342 845° — 676€812° 9159239347 845
— 133812°815823834%845° + 264€512%815* 823845° + 66812°815% 823845°

- 112681238153

3

823845° — 28812°815°823845° + 36€512% 8152823845 + 9812% 8152 823845°
— 8€812°815823845° — 2812° 815823845 — 67668127815 834845° — 169812%815% 834845
+ 184€s12%823% 834845° + 46812°323* 934845 + 68€812815823* 834845°

+ 17812815823 834845° — 820€812°815° 834845° — 80812°815%834845°

+ 412€815°853°834845° + 103815° 823 834845° + 148€512815%923° 934945
+ 138128152823%834845% — 116€312%815823%834845° — 538122815923 934945°

+180e812* 8152834 845° + 458128152 834845° + 216€812* 8232 834845° + 54812* 5232 834845°

+ 268€812815°8232834845° + 91812815°8232834845° + 1072681228152 8232 834845°
3

3

2 2. 2 3 3 2 3 3 2
+ 244812°815823°834845" + T2€812° 815823 834845° — 30812° 815823934845

4 3 4 3 2. 3
— 484€812815"823834845° — 121812815 823834845° — 160€812°815°823834845
2 3 3 3 2 3 3 2 3
— 48127815 823834845 + 444€812"815°823834845° + 135812° 815823834845
4 3 4 3 3. 5. 2
— 92€819" 815823834845 — 35812 815823834845° — 256€893° 834”845

58452 — T792€8128232834°845% — 162812823%834°845° + 192€8158232834° 845>

— 52823834
+3635159232 8348457 +120€812° 815834845 + 308122815834 845> — 336€512° 82383478457
— 728122823834 8452 + 448€512815823834°845° + 88512815823834° 845 — 60€812% 8154 3452
— 15812*515% 545 + 8es12% 823" 8452 + 2812 523* 545° — 52€812°815823% 8457

— 138123815823 845 + 176€323 834% 5452 + 44823% 8341845 + 1520€512823°534% 8457

+ 332812823% 834 8457 + 208€315523%834 8452 + 28515823834 8452

4. 2 2. 2 4. 2 2. 2 4. 2
845° — 1368127815834 845° + 2144€812°823834 " 845

p

- 544681228152834
+ 44081228232 834% 8457 — 320€815% 8237834 % 8457 — 5681523237 834% 345
+ 4006812815823 834" 845 + 768128158237 834 8457 + 552€812° 823834 8457 p aoe 3
+ 114812%823834% 8452 — 1064€8128152823834* 8457 — 218812815%823834 845> g

2 4. 2 5 3. 2 5 3. 2 3. 2 3 2
— 192€812°815823834 845 — 24€812°823" 845" — 6812”823 845" + 12€812°815°823" 845



L.ook at one example, a 5-page long coethicient

+8812°815% 823845 — 182€812" 815825 8457 — 83812815805 845 — 624€5128054834% 8457
— 156812823*834%845% — 176€315823* 934% 8452 — 44815825 834% 8457

+ 728€8122815° 83428452 + 1828122 815834% 8452 — 2500€8122 823 834% 845
— 57781228232 834°8452 + 48€815°

3
- 102868128158233 8

2
823°834° 8452 + 248152803°834° 3452
834°845% — 173812815823°834°845% + 428e812%815%834% 8452
+ 1078123815283438452 - 198068123823283438452 - 4238123823283438452
+ 128€815° 8232834 845 + 208158232834 845 + 356€512815°823%834% 8452
+ 4181281528232 834845 — T48€812° 8158237 834° 845 — 7981278158237 834° 845"
—120€812% 8158348457 — 30812% 8159348457 — 216€815% 823834% 845 — 428154 893834% 345
+ 848€512815°823834°845° + 188812815°823834% 8452 + 876€812%8152823834° 5452
+ 11181228152 823834° 845> + 20€812°815823834°845% — 19812° 815823834 845
+ 132€812815%823% 8452 + 3381228158237 8452 + 180€512% 51528232 8457
+ 45812% 81528237 845> + 48€812° 8158237845 + 12812° 81582328457
— 304€s122815"834% 845 — T6812%815%934% 845° + 66865122893 834% 8457
+ 167812°823% 8347 845° + 388€512815523* 9342845 + 97812815823" 834° 845>

— 792€815°815°8342845% — 198819°815283428452 + 1536€815°803° 83428452

2. 2 2 2. 2 2 2. 2
+ 872812%823%834%845% — 12868128152 823 83428452 — 688128152823%834% 845
2 3. 2. 2 2 3. 2. 2 4, 2. 2. 2
+ 528€812°815823 834" 845" + 728127815823 834 845" + 56€812" 815834 845
4, 2. 2. .2 4, 2. 2. .2 4, 2. 2. .2
+ 14812°815°834°845° + T32€812"823°834° 845" + 171812 823°834°845

3.2 2 2 3 2 2 2 2. 2 2 2 2
— 286812815 8237834 845" + 29812815 823934845 + 224€8127°815° 8237834 845

2. 2. 2. 2. 2 3 2. 2. 2 3 2. 2. 2
+ 56812°815°823°834°845° — 240€812°815823°934“845° — 132812° 815823834845
4 2. 2 4 2. 2 2. 3 2. 2
— 232€812815 823834 °845° — 58812815 823834 845" — 828€812°8157823834° 845
2 3 2 2 3 2 2 2 3 2 2 2
— 159812°815° 823834 845" + 192€812" 815823834 845" + 108812 815823834845
2

p 4 P

— 380€s12 8158238347 8457 — 958122 8159238347 8457 — 92€812% 8154823845

— 23812%815" 8238452 + d€s12* 81528238457 + 812* 815> 8238457 — 24€812°815%823545°

— 681258152 923845% + 364€812°815% 8348457 + 91812° 81518348457 — 228€312%823 8348452
— 57812°823" 834845 — 40€812°815823* 834845% — 108127 815823" 834845

+124e€815815° 8348457 +31812% 8158348457 — 276€812% 893° 834 8457 — 69815% 393° 8348457
+ 160€812% 8152823 9348457 + 5281228152 823° 9348452 + 448€312° 315823° 8348457

+ 124512°815823% 834845 — 104€512°823% 834845 — 26812°823°834845°

— 536€s12°815°823%934845° — 1468157815 8232 834845% — 504e€812°815% 9237934845

— 126812°815% 823834845 + 252€812* 815823834845 + T5812% 8158237 934845

+ 416€812%815% 523834845 + 1048122815% 8238348452 — 80€812°815° 8238348452

— 82812°815°523834845° — 100€812" 8152823834845 — 87812*815%823834845°

+ 104e€815°815803834 845> + 26812°815823834845° + 64€553% 334845 + 1685343345845

+ 440€512823°834° 845 + 98812823° 9345845 — 64€815923° 8345845 — 16815823°834% 845

+ 8312€8122 8232834 845 + 6681225232 834° 845 — 344€512815823°834° 845

— 748128158232 834° 845 — 216€812° 315823834845 — 42812%815823834° 845

— 408€812823" 934 845 — 102812823% 334 845 — 64€815823% 834" 845 — 16815823" 934" 845
— 1288€312%323° 334% 845 — 2985122 823%834% 845 + 64€815%923% 334% 345

+ 168152823834 845 — 152€812815823° 834" 845 — 14812815823 834% 345

+ 120€s12°515°834% 845 + 30812°815% 934 845 — 720€512° 8237 934 845

— 156812°823%834% 845 + 464€8128152823%834% 545 + 9281281578232 834 845

+ 57663122 8158232 834" 845 + 144812% 8158037 834 845 + 424€812% 8157 923834 845 4
+ 8281228152 823834 845 + 408e312°815823834 845 + 78812 815823834% 845 p age
+ Td4es12% 823" 834 845+ 1868122823 834% 845 + 344€512815803* 834% 845

3



L.ook at one example, a 5-page long coethicient

4. 3 3 3. 38 3 3 8
+ 86812815823 934" 845 — 240€812" 815" 834" 845 — 60812° 815" 834" 845

2
+ 1344€8122 8233834 845 + 324812°823°834% 845 — 224€8128152893° 8343845

2. 3. 8 2 3. 3 2 3. 3
— 68812815°823° 834" 845 + 36€812°815823" 834" 845 — 27812815923 834" 845

4. 2 4 2 4. 2
— 120€812815%834° 845 — 3081218152 834845 + 504€s121 8237 834% 845

+ 114812%825%834% 845 — 120€312815° 9232 834% 845 — 18812815°823% 834 845

— 824e812%815% 823834 845 — 5781278152823 834845 — T88€812° 8158237834845

— 221812°815823% 834 845 — 360€812%815° 923934845 — 788122 815° 823934 845

— 124€812°815%823834° 845 + 5812°815°823834° 845 — 288€812" 815823834845

— 60815%915823834° 345 + 120€812° 815" 8347845 + 308128154 9342845

— 520€812°823" 8342 845 — 130812°823% 834 845 — 3408122815823 334845

— 858122815823 8342845 + 180€812" 815> 834845 + 45812 815° 8347 845

— 584€8121 82328347 845 — 1468127 823° 8347 845 + 528€812% 9157 923° 9347945

+ 1448152815 823° 834 845 + 424€812° 8158238342 845 + 118812 815823° 834 845

— 96€512°823% 8342845 — 248125923 834° 845 — 340€812% 815823834845

— 978122815 823% 8342 845 + 8e812°815°823% 834845 + 2812° 81528232 834845

+ 73268122 81582328342845 + 19581248159032834%845 + 152€8122815% 8938342845

+ 383122815 823934% 845 — 32€812°815°823834% 845 — 20812°815° 8238342845

— 828€812" 51528238347 845 — 94812 8152823834845 + 96€812° 815823834 845

+ 24812°815823834% 845 — 60€812*815% 834845 — 15812% 815834845 + 120€512% 823834845
+30812" 823" 834845 +60€512° 815823 834845 + 15812° 815823 834845 + 88€812° 823 834845
+ 22812°823% 834845 — 212€812°815%823% 834845 — 5381238152823 834845

— 244€812"815823° 3834845 + 244€812°815° 8237 834845

+ 61812°815° 923 834845 + 68€512* 8152823 834845 + 17812" 8157923 834845

— 176€812°815823% 834845 — 44812°815823% 834845 — 92€812°815% 323834845

— 23812°815" 823834845 + 116€512% 915° 823834845 + 29812 815° 923834845

+ 88€812° 8152823834845 + 22812°815%823834845 — 96€812823%834° — 248128234 934°

— 96€812%823°834° — 24812%823%834° + 96€512815823°834° + 24812815823°834°

-+ 966812281582328345 -+ 24812281582328345 -+ 2886812282348344 <+ 72812282348344

+ 966512815923 934 + 24812815823%834% + 28881278237 834 + 72812923 934"

— 96€812815°823° 834" — 24812815 823° 834" — 288€812% 815823834 — 728127 815823% 834"
— 384€812°815823% 834" — 968128158232 834% + 96€812°815% 823834 + 2481238152 823834
— 288€812°823"834° — 72812°803% 834 — 192€512% 815803 834° — 48812 815823% 834°

— 2886815 893° 2. 3 2. 3. 3

4
834845 — 618127815823

834% — 72812%823%834° + 288e€812%915%923% 934 + 7281278157823 834

+ 288€812°815823°834° + 72812°515823°834° — 96€812%815° 9237 834°

— 24815%815°995%834° + 96€815° 81578937 934° + 2481581578937 834°

+ 480€s12* 8158237834 + 120812% 8158232834 — 96€812 915 923834°

— 24815°815°823834° — 192€812" 8152823834 — 48812% 8157 823834° + 96es12" 52578347
+ 24812%823% 3342 + 96€812° 31582319347 + 24812 81582318347 + 96€812°825° 9347

+ 24812°825%834% — 192€812°815%823% 934 — 48812°815%823%834% — 96€812 815823° 834
— 24812%815823° 3342 + 96€312°815°823%834% + 24812 815° 82328342

— 96€s12%815%823%834% — 2481278152 823%834% — 192€812°815923% 8347

— 488158158232 834° + 96€s12 815°823834% + 24512% 5158238347 + 96€812° 815823834
+248125815%923834%)/ (8(4€+1)812823845% (812 — 845) (834 + 845) (812+ 815 — 834) (812 + 823 — 845)

(812 — 834 — 845)(—815 + 823 + 834)(—815 + 823 — 845)) page 5

p



Using our algorithm, this coefficient 1s
simplified to



3823834 3834 158152 — 15815834

2(4e + 1)s12845(—5S15 + So3 + 834)  2(de + 1)812845  8S23845(—S12 — S15 + S34)

n $23534° B 2823534 N $23834 + S34°
S452(845 — 512)(—S15 + 523 + 534)  S125452(—S15 + S23 + S34)  Sa5(Sa5 — 512)(—S15 + S23 + S34)
B 11893834 B 15815834 S15 7 523 ~ 83 2815 — 2834
2512545(—515 + S23 + 534)  8523545(—S12 + 534 + S45)  Sa5(—S512 — S23 + S45) 512523
15815 — 15834 7823 15823
8s03(—512 — S15 + 534)  2512(—S15 + S23 +534)  4(—S12 — S15 + 534)(—S15 + S23 + S34)
B 515 S23 — 845 15515
2512(—S12 — S23 + Sa5)  2512(S15 — S23 + 545)  88a5(—S12 — 515 + 534)
15 7834 5834
4(—s12 — S15 + S34)  4s23(—S12 — S23 + Sa5)  4(Sa5 — 512)(—S12 — S23 + Su5)
15834 1 4834 11834
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It1s ~16 times compression !
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IBP coefficients size

~20GB = 190 MB

two orders of magnitude simplification

Boehm, Wittmann, Xu, Wu and YZ 2020
Bendle, Boehm, Heymann, Ma, Rahn, Wittman, Ristau, Wu, Y7 2021



To simplity IBP reduction coefficients Boehm, Wittmann, Xu, Wu and YZ 2020

observation:
the coefficients do not have

unphysical poles

® Use a U'T basis for IBP reduction

® use a CAG based method to decompose the reduction coethicients

multivariate partial fraction
from computational
algebraic geometry
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Multivariate partial fraction from Algebraic Geometry

Improved lL.einartas algorithm

A 4

Hilbert Nullstellensatz

black Orignial Leinartas

Our improved

Red

L.einartas” algorithm

Polynomial & Syzygy division

our package:

A 4

Algebraic dependence mow 1t 1s a standard library of the software Singular)

\4

can simplify not only IBP reduction coefficients

Polynomial & Syzygy division

but also general rational functions 1n scattering

amplitude computations.

\4

@PF I‘GSD

https://raw.githubusercontent.com/Singular/Singular/spielwiese/Singular/LIB/ptd.lib




A key point
/ /

Polynomlal division 5 = 4 e q1, -+, qm have common zero point
1 T UYm

& algebraic independent

i

f r 11’ b
— "y , § : L
f Zblquz /r. # €1 . > | el_]- m CJ
i=1 1

L. &M — €1 .. 46m
T ‘\q = VX

unique, low degree

@unique, degree out of CO@

Syzygy division to significantly simplify the quotients

m
Z aga)q@' — syzygy generators
1=1

(bh 7bm) — Z & 104 9 9 ’n(’zé (Bh Bm)

remove the syzygy part and thus simplify the quotients



Summary

® Significant progress of analytic Feynman evaluation
® Canonical differential equation
® Computational algebraic geometry applications:

Lift method to find UT integrals
Syzygy method to simplity IBP reduction coefficients

Vielen Dank!



2-loop S-point
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pure-YM amplitude

Badger, Irellesvig, YZ, 2013

Badger, Mogull, Ochirov, O’Connell 2015
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2-loop S5-pommt +++++ pure-YM amphitude

numerator degree-5 1BP needed (impossible by current analytic IBP method)
indirect finite-field fitting for the amplitude (after IBP) 1s applicable

All weight-3, weight-4 part of the amplitude cancels out

HP) = Z T1/H§2)+ Z T137‘[g)

Ss /St Ss /S5
L2345 = Lis (1 — s12/545) 4 Liy (1 — 523 /545) + log® (s12/523) + 72 /6.
N
45]? 1 tr? (1245)

7_[(2,0) _ o [ I A5 2 5 4+ 4+ + ’
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15
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/

Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, YZ, Zoia
PhysRevlett. 123 (2019) no.”7, 071601
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Infrared structure
(Catani’s dipole formula 98

D
A(sy€) = Z(sy, €)4 (sy, €) Z(sj€) = expg’ ( 2e>

:Z’f‘i.’f‘j, D:Z’f‘i.’f‘jlog( Sg),

i) i) H

T, 1s the adjoint action of su(N,) Lie algebra.
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